A Ut st A,

Fre - Calculus /Trigonometry

2B 3 Ifiog, (2“) =%, then a =

A) 2 (B) 4 © 8 D) 16 B 32

n32. If fG)=x*+3x2 +4x+5 and g(x)=5, then g(f(0)=

(A) 5x%+15x+25 B) 5x° +15x2,+- 20x+25 € 1125
D) 225 (E) 5

®¥ 2. Whatis the domain of the function / given by f()=Y" "%

x—

(A) {x:x=%3) B {x:|x]<2} | © {x:]x]z2}

) {x:[x|22 and x¢3} E) {x:x22 and x#3}
€% 32. Which of the following does NOT have a period of n ?

(A f(x) =sin(%x] _ B)  f(x)=|sinx| (©) f(x)=sin’x
D) f(x)=tanx ()  f(x)=tan’x

93 5. If f(x)=e*, which of the following lines is an asymptote to the graph of f?

(A) y=0. (B) x=0 (C) y=x (D) y=-x (E) y=1

88 42. The graph of which of the following equations has y =1 as an asymptote?

2
(A) y=Inx ®) y=sinzx (O y=;§“5 ) y=f_—1 (B) y=e”




Lo -1

4-3 40. The graph of y = f(x) is shown in the figure above. Which of the

following couid be the graph
of y=f (lx,)"
(A) y (B) ¥ (&) Sy
| J |
< -NATTETY Tt o
(D) y ' (E) y
t\/ &r
RS I I T e S i i Sy W

2
x°—4
i = -2,
QQ 5 If the function £ is continuous for all real numbers and if /(x) = — when x
L
then f(-2)=
E) 2
Ay —4 B) -2 <€ -1 D) 0 (E)

i bers x ?
€S 29. Which of the following functions are continuous for all real number

2

L y=x3

. y=é*
. y=tanx

I and 111
N (B) Ionly (C) Uonly (D) Tandll E) 1
(A) None




._2 T

% 35. The figure above shows the graph of a sine function for one complete period. Which of the
| ~ following is an equation for the graph?

A y= 2sin(§xj (B) y=sin(nx) (C) y=2sin(2x)

| (D) y=2sin(nx) L) y=sin (2x)

g8 22. If Inx—ln(—l-]=2,thenx=

X

®) = ® 1 © e © 2 ® &
e

e

qg 13. The fundamental period of 2cos(3x) is

Ar— (By—2m (Cy—om 0y 2 (L) 3

6% 12 1t f(x) = —j—l and g(x) =2x, then the solution set of f(g(x))=g(/(»)) is
AQ x=

(A) {%} ® {2} © {3 ® 1.2  ® {5,2}




. -5
o, qj 3. lim 3 5 is
f oo p” — 2 +1
(A) -5 (B -2 O 1 D) 3 (E) nonexistent
?} 29, 1im1—c0259 is
650 2sin“ 9
1
(A) 0 (B) 3 ©) D) 1 (E) nonexistent
QS 37. lim (xcscx) is
x—0
(A) - (B) -1 ) 0 (D) 1 (E) w
2
5 5. lim 2—4”—-— is
n—® p° +10,000n
1 .
A) 0O B) —— C D) 4 (E) nonexistent
@) ®) 5 © ®) ) _
. 1—0032(2x)
?3 37. l1m——2—'—=
- x—0 X
Qo -
(A) -2 B) 0 ©) 1 D) 2 (E) 4
22
QY 3. Fa=0, then limE =% s
x2axy’ —g
) n = ® — © L ®) 0 () nonexistent
a? 24° 6a° '




?? 21.

X
lim —— is

x=linx
L (E) nonexistent
- O 1 D) e
(A) 0 ® -
T B
gg 35. Ifkisapositive mteger then xl_l)IJrrlw ; is
A) 0 B) 1 C) e D) k! (E) nonexistent
1
8 38 lim (1+5e")x is
e |
(A) 0 ®B) 1 € e D) & (E) nonexistent
0
@3 2 I f)=2++1, then lim 2=/ @
ec x—0 ) x
(A) 0 B) 1 ) 2 D) 4 (E) nonexistent
k*-—h'*‘*'——%_____ _
=3
? 3. The graph of the function J/ is shown in the figure above. Which of the following statements about
S is true?

(A) )1:1_13; f(x)= Im f(x)
(B) ig}l fx)=2

(©) i}ﬁ f(x)=2

(D) J%I_Ig S(x) =1

(B) lim 7(x) does not exist.
X—=a



J ¥y
i . A

N

o 13 3 4

X

Graph of f

77. The figure above shows the graph of a function f with domain 0 £ x € 4. Which of the following statements
 aretrue? '

L lim f(x) exists.
x—27

IL lim f(x) exists.
+

x—»2

| I Tim f{x) exists.
x~>2

(A) Ionly (B) Il only (C) Tand I only (D) 1and I only (B) LI, and I

_ . . 2+h)~ f(2
Q 1 79. Let f be a function such that illl_r)% IL——}%J-(Q =35. Which of the following must be true?

L f is continuous at x = 2.
II. £ is differentiable at x = 2.

II.  The derivative of J is continuous at x =2

(A) Tonly (B) Il only (C) Tand Il only (D) Iand IIT only (E) Iandill only

gs 41.. If lim f(x) =L, where L is a real number, which of the following must be true?
r—a _

(A) f'(a) exists.

(B) f(x) is continuous at x = a.
(©) f(x) isdefined at x=aq.
D fl@=L

(E) None of the above



(A) f' existson (a,b).

(B) If f(x) is a maximum of f; then f'(x;)=0.
‘ . (€©) lim f(x)= f( lim x] for x, e (a,b)
1 x—ry x—%g -

(D) f'(x)=0 forsome xe|a,b]

(E) The graph of f' is a straight line.

— ?3 45. 1f f is a continuous function on [a,5], which of the following is necessarily true?

?3 41. If lim f(x)="7, which of the following must be true?

x—3

I. f iscontinuousat x=3.
II. f isdifferentiable at x=3.

. f(3)=7
(A) None (B)Y Ilonly
(D) IandIIlonly (E) 1,1, and IIl

(C) 1lonly

Inx for0<x<2
. If = then lim F(x) is
96 12 /) {x2 n2 for2<x<4, e x—)Zf( )

(A) In2 (B) In8 (C) Inl6 (D) 4

(E) nonexistent

gg‘ 5. Let f be the function defined by the following.

sinx, x<0
2 p<x<1
1£x<2

x—-3, x=22

For what values of x is / NOT continuous?

(A) 0 only (B) lonly (C) 2only (D) Oand2only

H . . —_

(EY 0,1,and?2




- &% 27. At x=3, the function given by £ (x) z{

(A)
- (B)
©
D)
E)

x2

undefined.

continuous but not differentiable.
differentiable but not continuous.
neither continuous nor differentiable.
both continuous and differentiable.

6x—9,

x<3.

x=3

15




e

Limits_— "BC Level

¥ 1

© 69 28 Whatis lim
ec x—=0 tanx

A) -1 B) 0 © 1 @) 2 (E) The limit does not exist.

?

2
Q{g 79. Let f be the function given by f(x)= _H'(x _12(" 4)

go X —a

continuous for all real numbers x?

. For what positive values of a is f

(A) None
(B) 1only
(C) 2only
(D) 4 only
(E) 1and4only

———

_N2x+35 —~Jx+7 |
6% 3 1t f@)= ) , for x=2, and if f is continuous at x =2, then £ =
B 7 r@=t
1 1 7
A) 0 B) — = 7
(A) (B) P (C) 3 D) 1 (E) 5
$ 42 Ima+20™ =
@c X—r
Ay 0 @) 1 ©) 2 D) e E) e

'}3 18. Let g be a continuous function on the closed interval [0, 1] .Let g(0)=1 and g(1)=0. Which of
e the following is NOT necessarily true?

(A) There exists a number & in [0,1] such that g(4) 2 g(x) forallxin [0,1].
(B) Forallaand bin [0,1],if a=b, then g(a)=g(b).

(C) There exists a number % in [0,1] such that g(h)=

[w b=

(D) There exists a number % in [0,1] such that g(%)= X

(E) For all  in the open interval (0,1), 1irr}1 g(x)=g(h).
X



Definition of o Decivative

8BS 25. If f(x)=¢€", which of the following is equal to f'(e)?

' x+h _ e ' PRadd
] .Mt im & ¢ (C) lim
! @A) lim— : (B) lim P B0
1 eth e I
] ex+h -1 e —e
®) = ® 5
tan3(x+h) —tan3x |
€8 29. The ;llin}) p is
-3
(A 0 B) 3sec’(3x)  (C) sec’(3x) (D) 3cot(3x) (B) nonexistent
) ?5, 0. lim sin(x+h)~sinx i
QC . h0 h
(A) 0 B) 1 (C) sinx (D) cosx (E) nonexistent
8 8
8(—;—+hj —8(%}
69 6. Whatis lim ?
% 20 I3
(A) 0 (B) % ©) 1 (D) The limit does not exist.
(E) It cannot be determined from the information given,
h_ —_—
47 16 1m& 1
' A0 2h
B¢
1
0 ® 2 © 1 ©

(E) nonexistent

t0

16



85 8. If f isa function such that lim M =0, which of the following must be true?

¥2  x-2
- BC
(A) The limit of f(x) asx approaches 2 does not exist. -

(B) f isnotdefinedat x=2,
(C) The derivative of f at x=2 is 0.
(D) . f iscontinuousat x=0.

(E) f(2)=0

?3 37. If f is a differentiable function, then f"(a) is given by which of the following?

i L@+ )= f(@

1 B0 h
A TACI R AC)]
X—>a X—dad
M. lm (’“"’2 = /(%)

(A) Tonly (B) II only (C) IandII only (D) Iand III only (E) LI, and III

1 6_L16
S(2+h)°—(2) 2

What is limh._,o "

b. 16 b. 48 c. 64 d. 96 e. none of these

2+ h)*-2*
lim ———
o0 h

11 ¥
1;1‘5571(2+h 2
v9+h-—3
lim —————
h=0 h
em—1
i

1 i



£
B

78. lim ln_(e_+h)_—1 is
h—0 h -

) F@), where f(x)=Inx
®) f@), where f(x) =2
© F'Q), where £() =Inx
@) (1), where f(x)=In(x+e)

(B) f'(0), where f(x)=Inx

PPN



35 6.

seivative  Pules

If f(x)=x, then f'(5)=
A) 0 ®) 3 © 1 D) 5 ®) %

4 I f(x) = b xtt .
q;, f(x) =—x +x+—, then f'(-1)=

(A) 3 B) 1 <€ -l D -3 E) 5

88 15, 1f f(x)=v2%,then f1(2)=

1 1 2
@) ®) - © = D) 1 (E) 2
\ i
% 1. If f(x)=x?,then f'(4)=
A) -6 ®B) -3 © 3 ® 6 E) 8
! 2
Qj 24, If f(x)=(x*-2x~1)3, then f'(0) is
w & n 2 - 4
3 B) 0 (& "3 (D) 3 () -2
d
gs 23, _(;1_3“%”2] at x=-1 is
(A) .—6 (B) -4 © 0 (D) 2 (E) 6
) 4 |
o g’f 2. Iff (x):(2x+l) , then the 4th derivative of f(x) at x=0 is

(A) 0 (B) 24 (C) 48 (D) 240 (E) 384




986 1S =E= forall sk 1, then 1)

@ -1 ®) —% © o ) % o® 1

3 dy
3. Ify= , then ===
Sf 2 dx

4+x
_ —6x 3x 6x -3
(A) B —— © —>*_ o B S
e (o) oy O ey @
9‘; 2. If f(x)=x/2x~3, then f'(x)=
' (A) 3x-3
2x-3
®) —=
2x—-3
1
C
© 2x-3
0 X
2x-3
®) 5x-6
2+/2x-3
qg 10. If f(x)=(x—1)2sinx, then f'(0) =
Ay -2 By -1 tC) 0 M 1 By 2

?3 8. If y=tanx—cotx, then EIZ:
dx

(A) secxcscx (B) secx—cscx (C) secx+cscx (D) sec? x—ocsc? x E) sec? x +csc? x




?7 7. g;cosz(f):

(A)  6x%sin(x*)cos(x)
(B) 6x%cos(x’)
©) sin’(x%)
(D) —-6x*sin(x*)cos(x")

(E) ~2sin(x*)cos(x)

¥ 28 If f(x)=tan(2x), then f'[%}:

®) V3 ® 23 (© 4 © 435 - ® 8

1 16. 1 f(x)zsiﬁ(e"‘), then f'(x) =

(A) —cos(e™)
(B) cos(e™)+e™*
(C) cos(e™)—e™

(D) e *cos(e™)

(BEyr—e ‘Tostz™)

&8 12. If f(x)=sinx, I;hen f’(§)=

1 i
@ -2 ®) % © 2 ®) ® V3

m’&

. 2
% s Ify=2cos(i), then 22 -
L 2 dxz

(A) —SCOSGJ (B) -ZCOS(gj (©) —sin(%} D) —cos(—;-J () —%cos(z

18



% 4. If f(x)=x+sinx, then f'(x)=

(A) 1+cosx (B) l-cosx (C) cosx
(D) sinx-—xcosx _ - (B) sinx+xcosx
?3 9. If y=cos®3x, then Py _
dx
(A) -6sin3xcos3x - (B) —2cosi3x (C) 2cos3x

- (D) 6cos3x (E) 2sin3xcos3x

?5 18. Ify=coszx—sin2x, then y' =

(A) -1 (B) 0 (O -2sin(2x) (D) -2(cosx+sinx)  (B) 2(cosx—sinx)

5?5 6. If =_* AT
bys J{(x) then f [ij

tanx’
A4 2 (B) -;— (©) 1+2E D) -}1 € 1-2
2
?3 jl. Iff(x)=e3]“(x2), then 7'(x)=
(A) ) (B) %&Wz) ©) 6(Inx)e‘3]n(x2). D) 5x B 6x°

X

Q315 ¥ F(x)=e®™% then f(x)=
& ( A) tan? x

e
2
(B) sec’xet’x
.
[ (C) tan?y et 1

(D)  2tanxsecx o’

(E) 2tan xe’*




2 8. If f(x)=In(e*), then f'(x)=
4) 1 ® 2 € 2x (D) & (E) 27
2x
w 76. If f(x)=%;, then f'(x)=
(A) 1
| ‘ e¥(1-2x%)
®) 2x?
ﬁ (C) er
2x
(2x+1)
) f:”,__x;__
|
| 2x
i e (2x~1)
] E
( ) 2%
3 x—2
Qs If'f(x)-=(x—1)2+e2 , then £'(2)=
B o |
(A 1 B) = 7 3+e
) (B) 5 <€ 2 D) 5 (E) 7
:; 22. %(lnezx)=
@ = ® o © 2 ®) 1 ©® 2
e e
8¢ 11 —d-ln[L}
dx 1-x
w — (B) ;-1_7 © 1-x D) x-1 ® (1-x)

I+

'



A) 2xe” ®)  x(x+2") © > (x+2)
(D) 2x+é&* (E) 2x+e
_Inx P _
%6. If y= ~ ,thendx
1 1 Inx-1 I-inx l+Inx
(A) . (B) > (C) 2 D) 3 (E) 2
g 3. If f(x)=In(Vx), then 17(x)=
W =  ® L o -L ©) - =
x? 2x? 2x 3 &) x_2
2x2
€S 17 If f()=xIn(x?), then f'(x) = -
&
(A) 1n(x2)+1 (B) m(x2)+2' (€) m(x2)+— D) -12— E) -
X
aﬁ- 8 If f(x)=¢", then ln(f'(2))=l
C
A) 2 B) 0 © - D) 2e (B) &
e
A 1. I f(x)=e"*, then f(x)=
X
ol y elx el 1 /-1
W 45 ®-© O ® e
X x X ¥
' % 31. If f(x)=(Inx), then f'(x)=
f¢
1 1 Inx 1
@ - ® — © - ®) ® s

|5




L R R i

47

( A) 235-1

®) " x

2x

@) @ Hi2 E) )

© (@Hn2

If y=1o("2“1), then & —
i

@) (m10yiol

@) 2x(in10)10" )

(B) (2x)1o(x2"l) © («*- 1)10("2'2)

® *(in10)10"

) ) x% =2 o
5 10. What is the instantaneous rate of change at x =2 of the function f given by f(x)= —
1 .
Ay -2 (B) 3 < = ®) 2 E) 6 |
Jx? +8
g 21.  The value of the derivative of y= atx=01is
&' 2x+1
1 1
(a) -1 B) - 3 € o (D) 5 E 1

I9

g 4.

w' +u'y

(A)

Wl’

UVYW+ '+ uew’
(D)

wz

Ifu, v, and w are nonzero differentiable functions,

. uy
then the derivative of 2 1s
W

u©V'w —uvw!
By —=

©) ww' —uv'w — vy

v

£ 3.

A4) 0 B)

Ify=tanu,'u=v—£, and v =1Inx, what is the value of% at x =e?

w? w2
WW+u'vw — w’
E) >
W
© 1 o = (E) sec’e
e

19



?6( 8. Let fand g be differentiable functions with the following properties:

i) g(x)>0 forall x
i)  f0)=1

If h(x) = f(x)g(x) and A'(x) = f(x)g'(x), then f(x)=

Ay [ (B) g © ¢ ® o (E) 1

qs’ 5. If f and g are twice differentiable and if A(x) = f (g(x)), then A"(x) =

BC
@) (g@)g@] + 1 (g))g"®

®  f(g0)g@+s (8x))g" ()
© [ (g@)[g@]

@ £ (g)g" )

® £ (e)

93 18. —;—x(arcsian)=

-] .
(A) -2
B) 1
231 - 4x2 - ©
. e N
(1) — 2
wea e

g's 20. If y =arctan (cosx), then P_
dx

(A) -sinx

1+cos? x (B) ~(arcsec(cos x))2 sin x (©) (aresec (cos x))2
o —1__ |
(arccos x)” +1 1+cos? x

&0

A0



qu 39. Let f and g be differentiable functions such that
B =2, S0=3, F2)=—4,
g)=2, g'h=-3, g'(2)=5.

If h(x) = £ (g(x)), then A'(1)=

A -9 B) 4 () 0 (D) 12

(E)

15

AN

A



D{?r im%&i‘ - L,eve) (Of ne  {oneer

§g 22 11 7(@)=(x"+1] , then f'(x)=
&' R

@A) x(x? +1)H

®) 2:2(x’ +1)Hl -

() xIn (x2 +1)

2
In(x? 1)+ 2
| ©®) In(x+ )+x2+1
2
E) (x2+1) | n(x?+1)4 =
® (24) [n(x . )+x2+1]
é?cf 26. For O<x<g, if y=(sinx)", then % is
(A) xIn(sin x) (B) (sinx) cotx (C) x(sinx)x_1 (cosx)
(D) (sinx)"(xcosx+sinx) (E) (sinx)” (xcotx+ln(sinx))

g% 24. %(;‘“)=

A) *™* ®B) (nx)* (©) %(lnx)(xmx) ®) (0x)(x"7) @ 2(nx)(x™)

gz 38 If f(x)-—-(x2+l)(2_3x)‘, then f'(1)=

1 _ 3 1
@) --ine) (8) 1§(8e) (O -Im@ o) -5 (E) —;—




?3 32. If y=x"% then y'is

%‘J ]nxhl
. (A) X xz X

(B) M inx

2x% 1 &

X

©

x% [

(D)

X

(E) None of the above

(A) 1+2x (B) x+x?

(€) 3x? D) X E®) x?+x°

?3 18. If /™ =14x7, then f'(x) =

6¢ B 2
' @ — ®) 1+’;2 © 2x1+xY) (D) 2x(el+x2) € 2xIn(1+x?)
m 28. %ln cos(g] is
Be |
@ —= ®) —tan(ﬁj © —
x? cos (E) * cos (—j
x X
T T T l'[_
®) ;ta“(;) E) x_zta“(x]

§¢ 18. If f(x)=2+|x-3| forall x, then the value of the derivative '(x) at x=3 is

1
i

A) -1 (B) 0

29

) 1 D) 2 (E) nonexistent



Q?- 19. If f(x)=lnlx2—1}, then f'(x) =

&) (=

®) |

© 3

®) —

®

8'5' 30, If x=£—¢ and y= 3t+1,then£atr=1is
dx
@c
1 3 3 8
A) - B) = Cy — D) — Ey 8§
(A) 3 J( ) 2 (C) 2 (D) (E)
6? 14, Ify=x2+2 and u#=2x-1, then é}--=
du
Bc
2x2 —2x+4
(A) ——— 2_
. (2x_1)2 (B) 6x 2x+4 (C) x2
D) —x (B —
2t . dy
Q? 2. If x=e* and y =sin(2r), then — =
8c
2t .
A 4 cos(2t B € C sin(2t) cos(2t) cos(2t)
(A) e B © S o S5 @ 252

oM

A



ST SR

3 ..
&

. d2
If x=¢*+1 and y=£, then £ =
dx

3 3

(A) o (B) > ) 3¢

D) 6r

(E)

N

¢ 19. If / and g are twice differentiable functions such that g(x)=e”™ apnd 2"(x) = h(x)e” &)

8¢ then h(x) =
A @)+ ") B) S @+(f@)

@) (£ +f(x) (E) 27'()+ 1"(x)

© (f'@+r7x)°

—_——

<8

if hm f (x)= hm g(x) 0 and lim AES )) exists, then lim {2 [ )

-0 g'( x50 g(x)

(A) 0

S®
® g'(x)

(C) lim —f—(’fl
=0 g (x)

0 L @e)-f(g'(x)
(f)°

(E) nonexistent

24. Let fand g be functions that are differentiable for all rea) numbers, with g(x)}= 0 for x 0.

d 2
6? 45. If E(f(x)) =g(x) and ?j;(g(x)) = f(x?), then %i—(f(f)) -

@) 1 (=) ® (7

(D) 9x4f(x6)+6xg(x3) E) f(x6)+g(x3)

&
?3 26. If y=arctan{e?*), then Ey =

2x

262): 262): e
C D)
®) 1—e** ®) 1+e* © 14+e%

3

(9} 3x2g (x3)

(E)

4x 1+e**

A5



De:".\m*ives— Tangent ‘1 Noma) Lines
—— \¥J

?3 3. The slope of the line tangent to the graph of y=In (xz) at x=e? is

1 2 4 1 4
_ = o) R D) — By -
A ® © 5 ® - ® -

TY 18 an equation of the line tangent to the graph of y=x+cosx at the point (0,1) is

A) y=2x+l  ®) y=x+l (©) y=x (D) y=x-1 E) »=0

(A) 13x-y=8§ (B) 13x+y=18 ©) x-13y=64
D) x+13y=66 E) -2x+3y=13

3 , T
¥¥ 11. An equation of the line tangent to the graph of f(x)= x(1-2x)" at the point (1,-1) is

(A) y=-Tx+6 (B) y=-6x+5 (©) y=-2x+l

D) y=2x—3 (E) y=7x—8

9? 12. At what point on the graph of y = %xz is the tangent line parallel to the line 2x~4y =39

G o) © (Y @[y e

. -
?3 11. Ifthe line 3x—4y =0 is tangent in the first quadrant to the curve y =x" +k, then k is

3
H

1 1
® = ® © o ® -3 ® =3

A6 de
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£9 20. An equation for a tangent to the graph of y = arcsin 5y at the origin is

A8

(A) x-2y=0 (B) x-y=0 (C) x=0 (D) y=0 (B) nx—2y=0

% 8. The slope of the line tangent to the graphof y=In (g] atx=4 is

. 1 - 1 1 |
- (A) 3 (B) 7 © > ® 1 (E) 4

% 10.  An equation of the line tangent to the graph of y= coé(Zx) at x=2 js
4

@) y—1=-(x—§]
T

B) y“l——z(x—zJ

© y=2[x-F)

D y= —(x~EJ

(C) y=2x+10

(A) y=—6x-6 (B y=-3x+1

(D) y=3x-1 (E) y=4x+1

qg 87.  Which of the following is an equation of the line tangent to the graph of f(x)=x* +2x? at the
point where f'(x)=1?

(A) y=8x-5
) (B) y=x+7
(C)  y=x+0.763

D y=x-0.122

(B) y=x-2.146



4‘? 80. Let f be the function gi 4x?
given by f(x)=2¢" . For what value of x is the -
slope of the !
the graph of 1 at (x, f (x)) equal to 37 P € Hne tangent to

(A) 0.168 B) 0276 (© 0318 (D) 0342 (B) 0.551

e

?3 16. The slope of the line normal to the graph of y=2In(secx) at x = s
~ " 4

| A -2
! - .
® -5

1

: © 3
D) 2

(E) nonexistent

“ @S‘ 44, Ateach point (x, y) on a certain curve, the slope of the curve is 3x%y . If the curve contains the

’C poiht (0,8}, then its equation is

3
(A) y=8* (B) y=x+8 (C) y=e +7

(D) y=Iln(x+1)+8 ® y=x"+8.

gi’ 32. An equation of the line normal to the graph of y = x> +3x2 +7x—1 atthe point where x =-1 is

K A) 4x+y=-10 (B) x-4y=23 () 4x-y=2 (D) x+4y=25 (E) x+4y=-25

?? 6.  The line normal to the curve y=+/16~-x at the point (0,4) has slope

A 1

@) 8 ®4 © 3 ® - ® -8

A A3



83 11. If x+7y=29 is an equation of the line normal to the graph of 7 at the point (1,4) , them f'(1)=

! © -2 @ ®-n ®

Aa) 7 (B) %9

?3 4. For what non-negative value of b is the line given by y = —%x +b normal to the curve y=x> 2

ac
o) 139 ® 103

(A 0 B) 1 © 3

W | ds

Qg 77. Let f be the function given by f(x) = 3¢%* and let g be the function given by g(x)= 6x>. At what
value of x do the graphs of f and g have parallel tangent lines?

A) -0.701
B) -0.567
(C) -0.391
(O) -0.302
(B) —0.258

A4
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) 35 13. Let f be the function given by f(x)=x" —3x2. What are all values of ¢ that satisfy the conclusion
i ec of the Mean Value Theorem of differential calculus on the closed interval [0,3]?

(A) Oonly (B) 2only (C) 3only (D) Oand3 (E) 2and3

28 13. Ifthe function / has a continuous derivative on [0,¢], then I; F(x)dx=

A) f©-f0) B) |fle)- 1) © 1 D) fG+e B fY)-S0)

% 18. If f(x)=sin (%) , then there exists a number ¢ in the interval 12t-< X< §2£ that satisfies the

conclusion of the Mean Value Theorem. Which of the following could be ¢ ?

27 3n 5m 3n
(A) EY (B) ” ©) r (D) = B —

i
;

SQ 3. The Mean Value Theorem guarantees the existence of a special point on the graph of y =+/x

74 between (0,0) and (4,2) . What are the coordinates of this point?
@ (2.1
@) (L1
© (2.42)
11
D) |=,—=
® (3%
(E) None of the above
x 0{1]2
F@ 1| k]2

Qg 26. The function f is continuous on the closed interval [0, 2] and has values that are given in the table

. 1 '
above. The equation f(x) = 3 must have at least two solutions in the interval [O, 2] if k=

)

. 1
A) 0 B) ) © 1 D) 2 (E) 3

20

20
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?4 81. Let f be a continuous function on the closed interval [-3.6].If f(-—3) =-1 and 7 (6) =_;3, then

8¢

16.

the Intermediate Value Theorem gliarantees that

(A) f(@)=0
. 4
B) fllo)= 3 for at least one ¢ between ~3 and 6

(C) —1< f(x)<3 for all x between —3 and 6
(D) f(e)=1 for at least one c between —3 and 6

(E) f(c)=0 for at least one ¢ between —1 and 3

Whic.h ‘of the following functions shows that the statement “If a function is continuous at x = 0 ,
then it is differentiable at x =0 is false?

1 1 4

4 -1 1 4
A) f@=x3 B) fM)=x® (© f@=x O f@W=x* € [fE)=+

qg 4,

If f is continuous for a<x<bh and differentiable for @ < x <b, which of the following could be
false?

Ay f© - -f—@;—df(i) for some ¢ such that a < ¢ <b.

a

(B) [f'(c)=0 for some c suchthat a <c < b.
(C) f hasaminimum value on a<x<b.

(D) f hasamaximum value on a < x <b.

LD

E) erf(x)dx EXIsts.
a

?5 91. Let £ be a function that is differentiable on the open interval {1,10) . If f(2)=-5, f(5)=5, and

f(9) =-35, which of the following must be true?

I.  f has at least 2 zeros.

I1.  The graph of f has at least one horizontal tangent.
NI. Forsomec, 2<c<5, f(c)=3.

(A) None

(B) Ionly

(C) TandIlonly
(D) 1andIll only
(E) I, 1L andIiI

]



Lmplict Differenbiadion

B 2'5- 9. If xy2+2xy=8, then, at the point (_1, 2), y;',is R

[y N e

@ -2 ® -3 © -1 ® -5 ® o

qg 3. The slope of the line tangent to the curve y2 +(y+D3=0at (2,—1) is

N4 ; ; ; X
Ay —-= B) —~ C) o D) = B 2
@ -3 ® -  © ©) ® 2
£9 5. It 3x% +2xy+ y% =2, then the value ofg—)-)- at x=1 is
RC dx
(A) =2 ®) 0 © 2 D) 4 (E) not defined
2., .2 d?
?_?\ 17, If x“ +y* =25, what is the value of—éx—%)-at the point (4,3)?
2 7 7 3 25
A) -—= B) -— ¢ Dy 2 25
77 B) - © o ®) ® >
2 dv .
Q? 10. If y=xy+x°+1, then when x=—-1, - is
Bc 1
(A) 1 B) ~3 < -1 > -2 (E) nonexistent
2 : .
~
Q 3 17. The slope of the line tangent to the graph of In(xy) = x at the point where x =1 is
& (A) 0 (B) 1 C) e D) €& (E) l-e

LN

24
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dy

éo 24. If sinx=¢, 0<x<m, whatis o in terms of x ?

(A) —tanx (B) —cotx (C) cotx (D) tanx (E) cscx

ﬁ 4, Ifx3+3xy+2y3=17,thenintermsofxandy,%:
2
+y
A -
) qc+2y2
)
X +y
® -2
X+y
© _x2+y
' x+2y
X+
@) - =
y
2
-X
E
) 1+257
? 40, If tan(xy)=x, then EX:
3 i
— 2 —
x tan(xy) sec(xy) x
2 2 _
(D) cos () . (B) cos" () -y
X x
dy
2 _2xpy=16, then —=
g 6. If y~—2xy en —
ny = ® 2 © 2 ) B =L
( y—x x-y y-x 2y—x x-y

T

25




' . dy .
If x+2xy— y* =2, then at the point (1,1), —d—J; is

3 .
@) > ®) % © 0 ® -3 (E) nonexistent
?8 6. If x2+xy=10, then when x=2, %:
7 ‘ 2 3 7
Ay -— B) -2 c = D) ~ —
(A) 5 (B) © - (D) ; ) 5
1 2 3 _ . dy
%5 3. If x"+xy+y —O,then,lntermsofxandy,g-
2x+ x+3)° —2x —2x 2x+
@ ~==2 ® -T2 (o _ @ Y
x+3y 2x+y 1+3y x+3y x+3y° -1

L2
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6. Consider the closed curve in the xy-plane given by
x2+2x+y4 +4y =75

(a) Show that & = =+t

dx 2()13 +1)'

(b) Write an equation for the line tangent to the curve at the point (-2, 1).'

(c) Find the coordinates of the two points on the curve where the line tangent to the curve is vertical.

(d) Is it possible for this curve (o have a horizontal tangent at points where it intersects the x-axis?
BExplain your reasoning.

5-8

5. Consider the curve givenby y* =2 +. xy.

d
(a) Show that £ =~ 7
dx  2y-x’

(b) Find all points (x, y) on the curve where the line tangent to the curve has slope L

¢) Show t i
() hat there are no points (x, y) on the curve where the line tangent to the curve is horizontal

d) Let x and y be functi i . 5

2

. dy .
of y is 3 and = 6. Find the value of % attime ¢ = 5.

25
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4. Consider the curve given by x* + 4y = 7 + 3xy.

dy _3y-2x
(a) Show that po By —3x’

(b) Show that there is a point P with x-coordinate 3 at which the line tangent to the curve at P is horizontal,
Find the y-coordinate of P.

2

{c) Find the value of —szy at the point P found in part (b). Does the curve have a local maximum, a local

minimum, or neither at the point P ? Justify your answer.

>3
5. Consider the curve given by xy> — x3y = 6.
2. .2
(a) Show that 2 = 32X 323"
o dx 2xy - x

(b) Find all points on the curve whose x-coordinate is 1, and write an equation for the tangent line at each of
these points.

(¢) Find the x-coordinate of each point on the curve where the tangent line is vertical.

6. Consider the curve defined by 2y° + 6%y —
(2) Show that % - 42~ 22y
dz w2 +42 41

(b) Write an equation of each horizontal tangent line to the curve.

1202 + 6y = 1.

(c} The line through the origin with stope —1 is tangent to the curve at point P. Find the z—
and y--coordinates of point P.

S
S



AP® CALCULUS AB ;
2008 SCORING GUIDELINES (Form B)

Question 6

Consider the closed curve in the xy-plane given by
Jc2+2x+y4 +4y =5,
dy _ —(x+1)

(a) Show that 'd—x = 5-(;3—17)

(b) Write an equation for the line tangent to the curve at the point (-2, 1).

(c) Find the coordinates of the two points on the curve where the line tangent to the curve is vertical.
(d) Is it possible for this curve to have a horizontal tangent at points where it intersects the x-axis?

Explain your reasoning,.
sdy Ay e -
(a) 2x+2+4y - + 45 =0 , 9. { 1 : implicit differentiation
. & " | 1: verification
(4y +4)§ =-2x-2

dy _ -2(x+1) _ —(x+1)

&4y +1) 2(y7 +1)

& 2

_—{(=2+1) 1 _ ]
2y 20+1) 4 : 2:{1’510pe . .
’ 1 : tangent line equation.

Tangent line: y =1+ %(x +2)

VW +1=0(or y=-1)and x # —L.

(¢) Vertical tangent lines occur at points on the curve where ' 1:y=-1
3 1 : substitutes y = —1 into the

el £41
{ LA UALIUIT UL LIS UHHVE

On the curve, y = -1 lmplles that x2 +2x+1-4= 5, s answer

sox=—4 or x =2,

Vertical tangent lines occur at the points (—4, —1) and

(2,-1).
(d) Horizontal tangents occur at points on the curve where Y { 1:.workswithx =-lory =0
x=-1and y # -1. 1 : answer with reason

The curve crosses the x-axis where y = 0,
(-1 +2(-1)+0* +4.0 %5

No, the curve cannot have a horizontal tangent where it
crosses the x-axis,

© 2008 The College Board. All rights reserved.
Visit the College Board on the Web: www.collegeboard.com.
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AP® CALCULUS AB
2005 SCORING GUIDELINES (Form B)

Question 5

Consider the curve given by y2 =2+ xp.

&y
(a) Show that & 2p-x

(b) Find all points (x, ¥} on the curve where the line tangent to the curve has slope -%

(c) Show that there are no points (x, ¥) on the curve where the line tangent to the curve is horizontal.

(d) Let x and y be functions of time ¢ that are related by the equation y2 =72 4+ xp. Attime t = 5, the

value of ¥ is 3 and d—J: = 6. Find the value of [ at time f = 5.

d dr

@ 2yy'=yp+xy , . [ 1 implicit differentiation
(2y-x)y =y "1 1 : solves for '
r_ Y
y__2y—x

y 1 Ly 1
= — I: -

(b) 2y—x 2 2 2}/"'36 2
2y =2y —-x 1 : answer
x=0
y=i«/§
(0,2), (0, —2)

Y- (1:p=0

(@ iy —x 0 Z:il'yl i
y=0 : explanation
The curve has no horizontal tangent since
0% % 2 4 x-0. for any x.

(d) When y =3, 32=2+3xsox=%. 1 : solves for x
@=@._di= y & | 3: lichamrule
dt  dx di 2y-x dt 1 : answer

= 3 & _9 &
A”_S’G_G_l dt 11 dt
3
& _22
dtes 3

Copyright © 2005 by College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents),
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(a) Show that & = 3 =2%

dx 8y -3x’

2
(c) Find the value of 91—{
dx

AP® CALCULUS AB
2004 SCORING GUIDELINES

Question 4
Consider the curve given by X +4 y2 =7+ 3xy.

(b) Show that there is a point P with x-coordinate 3 at which the line tangent to the curve at P is
horizontal. Find the y-coordinate of P.

at the point 2 found in part (b). Does the curve have a local maximum, a

local minimum, or neither at the point P ? Justify your answer.

(@) 2x+8yy =3y +3xy

(8y ~3x)y =3y -2x

’_ 3y—2x
y = 8y-3x

3y=2x _ . s
(b) m—0,3y 2x =0

When x=3, 3y=6

y=2
32 +42% =25 and 7+332 =25

Therefore, P = (3, 2) is on the curve and the slope
is 0 at this point.

Y 1 : implicit differentiation
" | 1:solves for y’

-
;. 1: g =0
1 : shows slope is 0 at (3, 2)

1 : shows (3, 2) lies on curve

© d’y _(8y=3x)(3y -2)—(3y - 2x)}(8y - 3)
dic? (8y —3x)*
_ d’y _(16-9)(=2) _ 2
At P=(3,2), FE R

Since ¥ =0 and ¥" < 0 at P, the curve has a local
maximum at P.

5. 4
'3
42
1 : value of Ex—/;i at (3,2)

1 : conclusion with justification

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Visit apceniral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents).
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Helafonshy® beween - avd

Absole Exierna ¢ Crbeal Numbers

{3 44, | What is the minimum value of f(x)=xnx?

(E) f(x) basno minimum value.

1
@A) -e ® -1 ©-- ®™°

gy 33. The absolute maximum value of f(x) = x> =3x2 +12 on the closed interval [~2,4] occurs at x =

(A) 4 ®) 2 © 1 . ®) 0 E) -2

?—3 27, If f(x)= %x‘,’ ~4x? +12x—5 and the domain is the set of all x such that 0 < x <9, then the.

oL absolute maximum value of the function f occurs when x is

(4) 0 B 2 < 4 D) 6 - ® 9

Qg 29, Let f(x)=

sinx —-;— ’ The maximum value attained by f is

) % ®) 1 ©

3 WhICh Of the ﬁ‘l”n“‘fipnr faatl]

ot a4 o
BRI JETEIe I W N U] i

I The maximum value of J{x) is 5.
Il The maximum value of | f(x)] is 7.
HI. The minimum value of S(x])iso.

(A) .Ionly (B) Wonly  (C) TandWonly (D) IMand 1y only (E) L IL and Il

?'3 23. How many critical points does the function f(x)= (x+ 2)5 (Jc—L’»)4 have?

(A)  One B) Two (C) Three (D) TFive

(E}) Nine

£837. If /(x)=¢"sinx, then the number of zeros of J on the closed interval [0,27] is

(A) 0 B) 1 € 2 @) 3 E) 4

0 | -

HO



Increas'mj / Decmslfy- Tnleroals

q g 1. What are all values of x for which the function f defined by f(x)= x> +3x2 —9x+7 is

f¢  increasing?
(A) -3<x<l
B -l<xxl

©) x<-3 orx>1
D) x<-1orx>3
(E) All real numbers

?3 3. If f(x)=x+ 1 , then the set of values for which f increases is
X
_c

(A) (-, —1]U[l,) @) [-L11] (© (—o0,)
D) (0,) E)  (~0,0)U(0,»)

s

Q?' 13. Let f be a function defined for all real numbers x. If f'(x)= ,then f is decreasing on the

interval

A) (-o,2) B) (~o0,) © (-24) @ (20 ® (2,0)

6a 21. At x=0, which of the following is true of the function f defined by f(x)= x> +e 9

M

(A) [ isincreasing.

{B) 15 decreasing.
(C) f is discontinuous.
(D) f hasa relative minimum.

(E) f has a relative maximum.

?7 22. What are all values of x for which the function f defined by f(x)=(x? —:3)6*" is increasing?
(A) - There are no such values of x .

(B) x<-1 and x>3

(C) -3<x<«l

D) -l1<x<3

(E) Al values of x

[o——

Fro

—
—



?_3 27.  The function f given by f(x)=x*+12x—24 is

(A) increasing for x < -2, decreasing for 2<x <2, increasing for x > 2
(B) decreasing for x <0, increasing for x > 0
(C) increasing for all x

(D) decreasing for all x
(E) decreasing for x <—2, increasing for -2 < x <2, decreasing for x> 2

% 22. If f(x)==x%", then the graph of f is decreasing for all x such that

®

@) x<-2  (B) -2<x<0 ©) x>-2 M) x<0 (B)

x>0

g5 3% U= x forall x> 0, which of the following is true?
X

(A) f is increasing for all x greater than 0.
(B) f is increasing for all x greater than 1.
(C) f is decreasing for all x between 0 and 1.
(D) f is decreasing for all x between 1 and e.
(E) f is decreasing for all x greater than e,

Q& 22. The function f is given by f(x)=x"+x%~2.On which of the following intervals is f

increasing?
(A) [—1 ooJ
\/E!

o (44
© (0.)

(D) | (—oo, O)

12



Kelohve Exwema

-

; ?5 23. Let f bé a function defined and continuous on the c¢losed interval [a,b]‘ If # has a relative
‘ &' maximum at ¢ and a < ¢ < b, which of the following statements must be true?

| L /(c) exists.
IL If f'(c) exists, then 7 (e)=0.
HI. If f7(c) exists, then fe)<0.

(A) Ionly B) I only (C) IandII only (D) Tand X only (E) I and III only

k \ .
69 7. For what value of £ will x+— have a relative maximum at x=-2°9

AQ | x

(A) —4 B) -2 () 2 (D) 4 (E) None of these

6/ 30. Ifafunction f is continuous for allx and if £ has a relative maximum at (-1,4) and arelative
AB “minimum at (3,~2), which of the following statements must be ue?

(A) The graph of £ hasa point of inflection somewhere between x = =1 and x=3.
B f=n=0

(C) The graph of # has a horizontal asymptote,

(D) The graph of / has a horizontal tangent line at x=3.

(E) The graph of f intersects both axes.

KS 16.  The function defined by f(x)=x*-3x2 for all real numbers x has a relative maximum at x =

A—=2 B) 0 © 1 D) 2 E) 4

%; 3. The function f given by f(x)=3x"-4x> -3x hasa relative maximum at x =
C

(A -1 B —3/;- < o (D) %—5— ® 1

?3 15, For what value of x does the function f(x) = (x*=2)(x-3)? have a relative maximum?
i
g 7
) -3 ®) - 2

7 _3 7
3 ©) 5 (D) 3 (E)

45

13



69 7. Forwhat x.falue of kwill x+ E have a relative maximum at x =22
X
8
Ay 4 B -2 < 2 D)y 4 (E) None of these

m 21. At x=0, which of the following is true of the function 1 defined by f)=x*+e% 2

QC

(A) f is increasing.
(B) f is decreasing.
(C) [ is discontinuous,

(D) f has arelative minimum.
(E) f has arelative maximum.

gx 19. Apolynomial p(x) has a relative maximum at (-2,4), a relative minimum at (1,1), a relative

B¢ maximum at (5,7) and no other critical points. How many zeros does p(x) have?

(AS One (B) Two (C) Three (D) Four (E) Five

g‘s 2. At'what values of x does f(x)}=3x" —5x° +15 have a relative maximum?

8c (A) -1lonly (B) O0only (C) lonly (D) —landlonly (E) —1,0and1

y=f1)

N
A BN e

% 12. The graph of f', the derivative of f'» is shown in the figure above. Which of the followmg
B C describes all relative extrema of / on the open interval (a, b)‘?

1 (A) One relative maximum and two relative minima

’ (B) Two relative maxima and one relative minimum
(C) Three relative maxima and one relative minimum
(D) One relative maximum and three relative minima
(E) Three relative maxima and two relative minima

44



2
' ?3 9. I f(x)=1+x3, which of the following is NOT true?

Bc

(A) £ is continuous for all real numbers.
(B)  f has a minimum at y =0,

€ fis increasing for x>0

(D) /(%) exists for all x,

(E)  F"(x) is negative for x> (.

@ 14, The derivative of fis x4(x ~2)(x+3). At how many points will the graph of J have a relative
[ maximum?

(A) None (B) One (C) Two (D) Three (E) Four

?8 20. Let fbea polynomial function with degree greater than 2. If g =5 and f(a)= f(b) =1, which
of the following must be true for at least one value of x between @ and b?

L fx=0
IL Fx)=0
oL f"x)=0
(A) None (B) Ionly (C) Honly . (D) Tand IT only (BE) L 10, and 111

5 19



Concovity ond T nflection

{m 1 3 2
1 i 1 =—x"+5 +249
1. What is the x-coordinate of the pOlIlt of inflection on.the graph of y 3 X X

o -2 D) -5 ® -10

(A) 5 @ 0 3

69 2. What are the coordinates of the inflection point on the graph of Y=(x+1)arctan x?

Bc _
@ (-1,  ® (0,0) © (01) o (L;EJ ® (LIEJ

cm» 16. If f is the function defined by f (x) =3x" —5x*, what are all the x-coordinates of points of
&' inflection for the graph of /2

(A) ~1 ®) 0 O 1 (D) Oand 1 (E) -1, 0,and 1

:; 17. The graph of y = 5x* — %’ hag 4 point of inflection at
._’3 :

(A) (0,0) only B) (3,162) only (C)
(D) (0,0) and (3,162) (E) (0,0) and (4,256)

(4,256) only

—_—

?B 19 I f'(x)=x{x+1)(x~ 2)2 , then the graph of £ has inflection points when x =

(A) -lonly (B) 2 only (C) ~land0 only (D) —land?2 only (E) —1,0,and?2 only

Q7 5. The graph of y = 3x* ~16x> +24x% + 48 is concave down for

(A) x<0
B) x>0

(C) x<-2 or x>——32—

(D) x<% or x>2

(E) §<x<2

Hi

16



Questions 7-9 refer to the graph and the information below.

The function /' is defined on the closed interval [0,8]. The graph of its derivative /" is shown above.

q ? 7. The point (3,5) is on the graph of y = f(x). An equation of the line tangent to the graph of f at
B (3.5) is

(A) y=2

B) y=5

© y-5=2(x-3)

D) y+5=2(x-3)

(E) y+5=2(x+3)

Q? ints of infloction docsd b of £ have?
& (A) Two

(B) Three
(C) Four
(D) Five
(E) Six

At what value of x does the absolute minimum of 1 occur?

o 9,
8c

(A) 0
B) 2
© 4
D) 6
E) 8

4



?3 26. Which of the following is true about the graph of y = ln) x? —Il in the interval (-1,1) ?

&

(A) Itis increasing.

_ (B) It attains a relative minimum at (0, 0).
(C) Ithas a range of all real numbers.

] (D) Itis concave down.

(E) Ithasan asymptote of x=0.

?3 | 22. Given the function defined by f(x)=3x> —~20x>, find all values of x for which the graph of f is
: concave up.
(A) x>0
B) ~J2<x<0 or x>+2
(C) —2<x<0 orx>2

'1: @) x>2
(E) -2<x<2

£y 17. Thegraphof y= 5x*—%° hasa point of inflection at

i «(A) (0,0) only (B) (3,162) only (C) (4,256) only
(D) (0,0) and (3,162) (E) (0,0) and (4,256)

Ly 27. Ifthegraphof y=x"+ax? + bx—4 has a point of inflection at (1,— 6), what is the value of 5?

(A3 B) 0 © 1 (D) 3

(E) It cannot be determined from the information given.

QX‘ 4. Thegraphof y= ——% is concave downward for all values of x such that
x—_

A) x<0. B x<2 (©) x<5 D) x>0 (E) x>2

% 21. Atwhat value of x does the graph of y= —12— - —13— have a point of inflection?
X x

(Ay 0 B) 1 © 2 D) 3 (E) Atno value of x

6% — —

13
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y
_ A
| | ‘ \ / S
0 /:x
?5 33. The graph of the derivative of f is shown in the figure above. Which of the following could be the
graph of 17
5 B
; (B) i’
7@ x
-1 %VZ
(D) y (E) y

T

6gq 16. Ifyisa funct1on X such that y' >0 forallx and »" <0 for all x, which of the following could be
oc part of the graph of y = f(x)?

(A) Y (B) . V(C) v
1/ h// \\
/O/ X / \

/O ."'x O\*X

(D)

—
—~~
o

4 49
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/

8‘ 17. The graph of a twice-differentiable function f is shown in the figure above. Which of the
. following is true?

A fM</(M)<sr1)
® )<, O)<rQ)
© fO<r@<s
@ SM<s()<s @)
‘ ® [O)</ <)

|
|
|
%

w3

7

\ /

\/ .
<8 20. The graph of y = f(x) on the closed interval [2.7 ] is shown above. How many points of
8C inflection does this graph have on this interval?

-

(A) One (B). Two (C) Three (D) Four (E) Five

48 81, Let £ be the function given by f(x) =|x|. Which of the following statements about f are true?

1. fiscontinuousat x=0.
II. f isdifferentiable at x=0.
III.  f has an absolute minimum at x=0.

(A) Tonly (B) Ionly (C) Wonly (D) Iandlllonly (E) II and III only

30 | 50




%8.

ﬁ_x

The graph of y = #(x) is shown in the figure above. On which of the following intervals are

2 .
Q>O and f-'!—y<0?
dx a2

I a<x<b
II. b<x<e
I, c<x<d

(A) Ionly (B) II only (C) 11 only (D) Iand IT (E) 11 énd Il

Which of the following pairs of graphs could represent the graph of a function and the graph of its

derivative?
/ Y

¥y y
11
/ / NS
) x 7] *
y y
I11.
/ \,
r5) X 0 \ it X
(A) Ilonly (B) I only (C) I only M Iandll (E) HandIlI

ol



%-5— 43. Let f be a function that is continuous on the closed interval [—-2 3] such that f (0) does not exist,
K_, S(2)=0, and f"(x)<0 forallx except x = 0. Which of the following could be the graph of f?

ﬁﬁﬂ Ba

N
e N

99 23. The graph of f is shown in the figure above. Which of the following could be the graph of the
derivative of f?

(A) v ' (B) y

v
©) X ® '

K_o& 7 SN T

(E) ¥

+ - X
a 0 b

5 ' o




. 13. The graph of the function 7 shown in the figure above has a vertical tangent at the point {2,0) and
horizontal tangents at the poinis {1,—1) and (3,1). For what values of x, ~2<x<4,is f not
differentiable?

(A) Oonly (B) Oand2only (C) land3only (D) 0,1,and3only (E)0,1,2, and 3

ga 16. If yis a function of x such that ¥ >0 for all x and »" <0 for all x, which of the following could

AQ - be part of the graph of y = f(x)?
(A) v | {B) Y C}) v
/V »¥ \l\ -+ X

(
’ SR
(E) Y/
=X

=
-l

3
fi < .
x forx<0, Which of the following statements

Q315. Let £ be the function defined by £(x) =
x forx>0.

about f is true?
(A) f isan odd function.

(B) f isdiscontinuousat x=0.

(C) f has a relative maximum.

D) f(0)=0

o
(32

(B) f(x)>0 for x=0 5/3)



?? 11.

-

¥=fa)

AR

The graph of the derivative of f is shown in the figure above. Which of the following could be the

graph of 17
(A) oy (B) 3
AT I ] N
) ¥ (D) ¥

(E ¥

/ O “ -

qg 76.  The graph of a function f is shown above. Which of the following statements about £ is false?

2

(A)
B)
©
(D)

(E)

S is continuous at x=q.
/ has a relative maximum at. x =g
x =a is in the domain of f.

lim+ f(x) isequalto lim f(x).
x=a x—a

X—r

lim f(x) exists. o
54
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[

T v =£(x)
/\5

. 5 y=g'[) T '5-_v=h'(.r)
A

‘?‘5 79. The graphs of the derivatives of the functions J. & and £ are shown above. Which of the functions
J/, & or iz have a relative maximum on the open interval a<x <h?

(A) fonly
(B) gonly

(C) Aonly

(D) f and gonly
(E) fgandh

The graph of y = h(x) is shown above.

R

(A) \ v (D) ¥
\_ B,
_.__(_)_QY. l %7@‘1
(B) v (E) N
l/___ I
e A
)

55
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?? 77.  The graph of the function y = x> +6x2 +7x-2cos x changes concavity at x =

*) -1.58 (B) -1.63 (C) -167 (D) —1.89 (E) -2.33

Q; 80. Let f be the function given by f(x)= cos(2x) + In(3x) . What is the least value of x at which the
ec graph of f changes concavity? '

(A) 0.56 B) 0.93 € 1.18 (D) 2.38 E) 2.44

cosx 1 ‘e
-5 How many critical values

qg 80. The first derivative of the function £ is given by fix)=

does /" have on the open interval (0,10)?

(A) One
(B) Three
(C)  Four
(D) Five
(E) Seven

?? 85. If the derivative of f is given by f'(x)=e* -3x%, at which of the following values of x does f
have a relative maximum value?

(A) -0.46 (B) 0.20 (C) 091 D) 0.95 (F) 3.73

qg -~ 89. Ifgis a differentiable function such that g(x) <0 for all real numbers x and if

fi(x)= (x2 ~ 4) g(x), which of the following is true?

(A) f has arelative maximum at x =—2 and a relative minimum at x=2.
(B) f has a relative minimum at x =—2 and a relative maximum at x=12.
(C) f has relative minima at x=-2 and at x=2.

(D) f has relative maxima at x=-2 andat x=2.

(E)} Itcannot be determined if f has any relative extrema.

56
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“17. . For which curve shown in question 16 is f positive but f* negative?

16 For which curve shown below are both f andf" negative?

A) | (B) <« '

P AN %

o :;(D) ® ~
/ AN

Questions 31 and 32. Refer to the graph of £’ below.

4

2 3

vy

a4
Y
N

21

31. f has alocal minimum at x =
(A) Oonly  (B) donly  (C) Oand4 (D) Oand5  (E) 0,4, and 5

32. The graph of f has a point of inflection at x =

(A) 2 only (B) 3 only (C) 4 only
(D) 2 and 3 only (E) 2,3, and 4

5



Helai\'onsh,os beﬁﬂe’m 4‘; ‘5', and 4‘” FQQJ'
(mosly) wlo 2 FTC

|

4, 1) |

(3= _3)

“-A- - Graph of f

4,

The continuous function [ 1s defined on the interval —4 < x < 3. The graph of J consists of two quarter circles

and one line segment, as shown in the figure above, Let g(x) = 2x + J: ft) ae.

(a) Find g(~3). Find &’(x) and evaluate g'(-3).

(b} Determine the x-coordinate of the point at which g has an absolute maximum on the interval -4 < x < 3.
Justify your answer. _

(c) Find all values of x on the interval ~4 < x < 3 for which the graph of & has a point of inflection. Give g
reason for your answer,

(d) Find the average rate of change of f on the interva] =4 < x < 3. There is no pomt ¢, —~4 < ¢ < 3, for

which f'(c) is equal to that average rate of change. Explain why this statement does not contradict the
Mean Value Theorem,

5%

flx)=(4- £x2 for xs 0

(a) Fipq the x-coor(;inate of the critical point of f. Determine whether the point is 5 relative maximum, a relative
mimmum, or neither for the function f, Justify your answer.
(b) Find all intervals on which the graph of £ ig concave down. Justify your answer,

(c) Given that (1) = 2, determine the function f

Cl



Y
h

N

1

. Graph of f/
4- M

svafi : : . for -4 x<0

6. The derivative of a function f is defined by f'(x) = 8(x) \ or =0

. 5¢*% 3 for 0O<x<4
The graph of the continuous function f’, shown in the figure above, has x-intercepts at x = —2 and

X = 3111(%). The graph of g on —4 < x £ 0 is a semicircle, and f(0) = 5.

(a) For —4 < x < 4, find all values of x at which the graph of f has a point of inflection. Justify your answer.
(b) Find f(~4) and 7(4). ‘

(c) For —4 < x < 4, find the value of x at which f has an absolute maximum. Justify your answer.

q-Q | Graph of f’

59

o

5. Let f be a twice-differentiable function defined on the interval —1.2 < x < 3.2 with (1) = 2. The graph of f’,
the derivative of f, is shown above. The graph of f’ crosses the x-axis at x = —1 and x = 3 and has

a horizontal tangent at x = 2. Let g be the function given by g(x) = ¢’ (),

(a) Write an equation for the line tangent to the graph of g at x = 1.

(b) For —1.2 < x < 3.2, find all values of x at which g has a local maximum. Justify your answer.

(c) The second derivative of g is g”(x) = e [( FP +f ”(x)]. Is g”(-1) positive, negative, or zero?
Justify your answer.

(d) Find the average rate of change of g’, the derivative of g, over the interval [1, 3).

9
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6. Let f be the function given by f(x) =—— * for all x > 0. The derivative of f is glven by f'(x) = 3
x

(a) Write an equation for the line tangent to the graph of f at x = e

(b) Find the x-coordinate of the critical point of f. Determine whether this point is a relative minimum, a relative
maximum, or neither for the function f. Justify your answer. :

(c) The graph of the function f has exactly one point of inflection. Find the x-coordinate of this point.

(d) Find lim f£(x).
x—07

(7, b

(4,-2)

. Graph of ¢’
?,B piiol g

5. Let g be a continuous function with g(2) = 5. The graph of the piecewise-linear function g’, the derivative

of 2 isshownabove for =3 < y < 71

(2) Find the x-coordinate of all points of inflection of the graph of y = g(x) for -3 < x < 7. Justify your
answer.

(b) Find the absolute maximum value of g on the interval -3 < x £ 7. Justify your answer.

(c) Find the average rate of change of g{x} on the interval -3 S x < 7.

(d) Find the average rate of change of g’(x) on the interval -3 < x < 7. Does the Mean Value Theorem
applied on the interval —3 < x < 7 guarantee a value of ¢, for -3 < ¢ <7, such that g”(c) 1is equal to this
average rate of change? Why or why not?

60 €0
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4. Let f be a function defined on the closed interval
of £, consists of two semicircles and two line se
(a} For

Graph of f*

~S<x<5 with £(1)
gments, as shown above,

=53 < x <5, find all values x at which f has a relative maximum. Justify your answer.

kd

= 3. The graph of f’, the derivative

X 0 0<x<l 1 l<x<2 2<x<3 3 3<x<4
f(x) ~1 | Negative 0 Positive Positive 0 Negative
F(x) 4 Positive 0 Positive | DNE | Negative ~3 Negative
F7(x) | -2 | Negative 0 Positive | DNE | Negative 0 Positive
&-A

4. Let f be a function that is continuous on the interval [0, 4). The function f is twice differentiable except at

x = 2. The function f and its derivatives have the properties indicated in the table above, where DNE indicates
that the derivatives of f do not exist at x = 2

(a) For 0 < x < 4, find all values of x at which f has a relative extremum. Determine whether f has a relative
maximum or a relative minimum at each of these values. Justify your answer.

(b) On the axes provided, sketch the graph of a function that has all the characteristics of f
(Note: Use the axes provided in the pink test booklet.)

y

!

(c) Let g be the function defined by g(x)= Lx f(¢) dt on the open interval (0, 4). For 0 < x < 4, find all

values of x at which g has a relative extremum. Determine
minimum at each of these values. J ustify your answer.

{d) For the function g defined in part (c), find all values of x, for 0 < x < 4, at which the graph of g has a
point of inflection. Justify your answer. '

6! 2

whether g has a relative maximum or a relative



(5.2

(1, 0) (4, 0)

0 )l "
oy

(2! _I)

(3, -2)

{~1, _3)
q_B Graph of f*

4. The figure above shows the graph of f’, the derivative of the function f, on the closed interval -1 < x < 5.
The graph of f* has horizontal tangent lines at x = 1 and x = 3. The function f is twice differentiable with

f2) =6
(a) Find the x-coordinate of each of the points of inflection of the graph of f. Give a reason for your answer.

(b} At what value of x does f attain its absolute minimum vatue on the closed interval -1 <.x £ 5 7 At what
value of x does f attain its absolute maximum value on the closed interval =1 € x < 5 ? Show the analysis
that leads to your answers. '

(c) Let g be the function defined by g(x) = x f(x). Find an equation for the line tangent to the graph of g

atx = 2.
¥y
3
2--
-3, 1)
1,ﬁ
= R
(4, -2}
Graph !
Z-A' aph of f

4. Let f be a function defined on the closed interval -3 < x £ 4 with f(0) = 3. The graph of f’, the derivative
of f, consists of one line segment and a sernicircle, as shown above.

(a) On what intervals, if any, is f increasing? Justify your answer.

(b) Find the x-coordinate of each point of inflection of the graph of f on the open interval ~3 < x < 4. Justify
your answer, .

(¢} Find an equation for the line tangent to the graph of f at the point (0, 3).

(d) Find f(-3) and f(4). Show the work that leads to your answers.

6
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3. The figure above shows the graph of f’, the derivative of the function f, for =7 < x € 7. The graphof f* has
horizontal tangent lines at x = =3, x = 2, and x = 5, and a vertical tangent line at x = 3.

(a) Find all values of x,for =7 < x < 7, at which f attains a relative minimum. Justify your answer.
(b) Find all values of x, for -7 < x < 7, at which f attains a relative maximum. Justify your answer.

(¢) Find all values of x,for =7 < x <7, at which f”{x) < 0.

(d) At what value of x, for =7 < x < 7, does f attain its absolute maximum? Justify your answer.

q;%tﬁ. Let f be the function defined by f (x) = kJx -~ Inx for x > 0, where k is a positive constant.

(a) Find f’(x) and f”(x).
(b) For what value of the constant k does f have a critical point at x =1 7 For this value of k, determine
whether f has a relative minimum, relative maximum, or neither at x = 1. Justify your answer.

(¢) For a certain value of the constant k, the graph of f has a point of inflection on the x-axis. Find this value
of k.

2%
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2. The function g is defined for x > 0 with g(1) = 2, g’(x) = sin (JC + %), and g”(x) = (1 - -Lz)cos(x + %)
x

(a) Find all values of x in the interval 0.12 < x < 1 at which the graph of g has a horizontal tangent line.
(b) On what subintervals of (0.12, 1), if any, is the graph of g concave down? Justify your answer.
(c) Write an equation for the line tangent to the graph of g at x = 0.3,

(d) Does the line tangent to the graph of & at x = 0.3 lie above or below the graph of gfor 03< x<17?
Why? ‘

£-8 -t Graph of 1"

2. Let f be the function defined for x > 0 with f{0) =5 and f”, the first derivative of [, given
by f/(x) = &/ Ysin (xz). The graph of y = f'(x) is shown above.
(a) Use the graph of £ to determine whether the graph of f'is concave up, concave down, or neither on the
interval 1.7 < x < 1.9. Explain your reasoning.
(b} Onthe interval 0 < x < 3, find the value of x at which f has an absolute maximum. Justify your answer. -

{c) Write an equation for the line tangent to the graph of fat x = 2

Cy 6



AP® CALCULUS AB

2011 SCORING GUIDELINES

Question 4

The continuous function f is defined on the interval —4 < x <3.

The graph of £ consists of two quarter circles and one Jine
segment, as shown in the figure above.

Let g(x) = 2x + _[: 1) d.

(@) Find g(-3). Find g'(x) and evaluate g'(-3).

(b} Determine the x-coordinate of the point at which g has an
absolute maximum on the interval —4 < x < 3.

Justify your answer.

(¢) Find all values of x on the interval —4 < x < 3 for which

the graph of g has a point of inflection. Give a reason for
your answer,

(d) Find the average rate of change of £ on the interval

(3,-3)

Graph of f

—4 < x < 3. There is no point ¢, —4 < ¢ < 3, for which J'(¢) is equal to that average rate of change.
Explain why this statement does not contradict the Mean Value Theorem.

@ &(3) =23+ [ f()ar =-6-2%
g'(x) =2+ f(x)
g(-3)=2+ f(-9)=2

(b} g'(x) = 0 when f(x) = —2. This occurs at x = %

g’(x)>0for—4<x<%and g'(x)<0for=<x<3.

L8]
—

1:g(-3)
1 8'(x)
1g'(-3)

Ay

1 : considers g'(x) = 0

3 : 9 1:identifies interior candidate

1 : answer with justification

6D

[N1EV WNTITS

Therefore g has an absolute maximum at x =

(© g"(x) = f'(x) changes sign only at x = 0. Thus the graph
of g has a point of inflection at x = 0,

(d) The average rate of change of f on the interval —4 < x < 3 is

fG) -4 _ 2
3<(-4) 7

To apply the Mean Value Theorem, # must be differentiable

at each point in the interval —4 < x < 3. However, f is not

differentiable at x = -3 and x = 0.

© 2011 The College Board.

1 : answer with reason

- | 1: average rate of change
"1 1: explanation

Visit the College Board on the Web: www .collegeboard.org,

65



AP® CALCULUS AB
2011 SCORING GUIDELINES (Form B)

Question 4

Consider a differentiable function # having domain all positive real numbers, and for which it is known that

fx)=(4- x)x—s’ for x > 0,

(a) Find the x-coordinate of the critical point of £ Determine whether the point is a relative maximum, a
relative minimum, or neither for the function 7. Justify your answer.

(b) Find all intervals on which the graph of f is concave down. Justify your answer,

(¢} Giventhat f(1) = 2, determine the function f.

(@ f{x)=0atx=4 l:x=4
S(x)>0for0<x<4 ' ' 3: ¢ 1:relative maximum
J(x) <0 for x >4 1 : justification

Therefore f has a relative maximum at x = 4.

®) f(x)=-x7 +(4-x)(-3x7) 5. [2:7'R)
R ST BN " | 1 : answer with justification
= 2x7%(x - 6)
_ 2{x-6)
==

S (xy<0for0<x<6

The graph of f is concave down on the interval 0 < x < 6.

¢y flx)=2+ _[lx(4t'3 - t'z) dt 1 : integral
_ 3: < 1 : antiderivative
- a2, 1]
'_2+[ 27+t ];=1 1 : answer
=3-2x"% 4+ x!
© 2011 The College Board.

Visit the College Board on the Web: www.collegehoard.org.
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AP® CALCULUS AB
2009 SCORING GUIDELINES

Question 6

The derivative of a function f is defined by ¥
, g(x) for ~4<x<0
f (x) = ~%/3 :
Se -3 for O0<x<4 K )_1
The graph of the continuous function f”, shown in the figure above, has __ N . AN
o et
x-intercepts at x = -2 and x = 3In (%) The graphof gon -4 £ x<0 T \
is a semicircle, and f(0) = 5. Graph of f’

(a) For -4 < x < 4, find all values of x at which the graph of / has a point of inflection. Justify your
answer.

(b) Find f(-4) and f(4).

(¢) For ~4 < x < 4, find the value of x at which f has an absolute maximum. Justify your answer.

A e ket e Lo e

(a) [ changes from decreasing to increasing at x = —2 and from 5. { 1 :identifles x =2 orx =0

increasing to decreasing at x = 0. Therefore, the graph of f has 1 : answer with justification
points of inflection at x = -2 and x = 0.

®) f(-4)=5+ [ g(x)de

2: £(-4)
=5-(8-27)=27m-3 1 : integral
1: value
4 . .
f@) =5+ [ (se -3)ax 5:93:f(4)
0 9 1 : integral
=5+ (—ISe""/ . Bx) x-o 1 : antiderivative
x=
=g 15,4/ 1: value
(¢) Since f(x) > 0 on the intervals —4 < x < -2 and ) { 1 : answer
—2<x< 3111(%), J is increasing on the interval 1 justification
4<xs 31n(§—).

Since f(x) < 0 on the interval 31n(% <x <4, fis

decreasing on the interval 31In (%) x4

Therefore, f has an absolute maximum at x = 3In (g-)

© 2009 The College Boerd. All rights reserved.
Visit the College Board on the Web: www.coliegeboard.com.

6t | 61



63

AP® CALCULUS AB

2009 SCORING GUIDELINES (Form B)

Question b

Let f be a twice-differentiable function defined on the interval
-1.2 < x 3.2 with f{1) = 2. The graph of 7, the derivative

of £, is shown above. The graph of f” crosses the x-axis at
x =-1 and x = 3 and has a horizontal tangent at x = 2. Let g
be the function given by g(x) = &/,

(a) Write an equation for the line tangent to the graph of g
at x =1,

(b) For —1.2 < x < 3.2, find all values of x at which g has a
local maximum. Justify your answer,

Graph of f*

(¢) The second derivative of g is g”(x) = &’ (")[( FEY+ 7 ”(x)]. Is g”(-1) positive, negative, or

zero? Justify your answer.

(d) Find the average rate of change of g’, the derivative of g, over the interval [1, 3].

() g(1) = W 2
g(x)= /O f'(x), g1) =0 f(1) =~
The tangent line is given by y = ¢? — 4¢® (x — 1).

B g =7 (x)
¢’®) 5 0 forall x
So, g’ changes from positive to negative only when £

changes from positive to negative. This occurs at x = —1
only. Thus, g has a local maximnm at y = —]

gz
1: (1) and g'(1)
1 : tangent line equation

] { 1 : answer

1 ; justification

© gD =/ [(£ (0 + £(=1)]
e/D 5 0 and f-1)=0
Since f” is decreasing on a neighborhood of —1,
J7(=1) < 0. Therefore, g”(~1) < 0.

(d)

g0)-gW) _re)-dYrm .
3-1 2

) { 1 : answer

1 : justification

_ [ 1 : difference quotient

1 : answer

© 2009 The College Board. All rights reserved.

Visit the College Board on the Web: www.collegeboard.com.
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_ AP® CALCULUS AB
2008 SCORING GUIDELINES

Question 6

Let f be the function given by f(x) = thx for all x > 0. The derivative of f is given by

HORE=
X

{a) Write an equation for the line tangent to the graph of f at x = e,

(b) Find the x-coordinate of the critical point of . Determine whether this point is a relative minimum, a
relative maximum, or neither for the function f. Justify your answer.

(¢) The graph of the function f has exactly one point of inflection. Find the x-coordinate of this point.
(@) Find lim f(x).
x—0"

2 2
2 In e 2 7 l-Ine 1 of 2
@ )= =5 S == 12 7(¢) and 1)
e ¢ (82) e 2:
1 : answer
An equation for the tangent line is p = % — %(x s )
e” e
(b f(x) =0 when x = e. The function f has a relative maximum l:x=¢e
at x = ¢ because f'(x) changes from positive to negative at 3: 4 1:relative maximum
x=e 1 : justification
-1l (1-Inx)2x
fon LN X —3+2Inx r 1 n A S F I
7 A= 4 — 3 TV dil A A~ 3.{4‘1.1 \.&}
x x : 1.
. 1 : answer
S(x)=0 when -3+ 2Inx =0
x=el?
The graph of f has a point of inflection at x = ¢ 12 because
f"(x) changes sign at x = &2,
. Inx .
(d) lim —— = —eo or Does Not Exist 1 : answer
x-—0" X

© 2008 The College Board. All rights reserved.
Visit the Cellege Board on the Web: www.collegeboard.com.
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AP® CALCULUS AB
2008 SCORING GUIDELINES (Form B)

Question b

Let g be a continuous function with g(2) = 5. The graph ¥
: of the piecewise-linear function g, the derivative of g, is
shown above for -3 < x < 7.

3 (a) Find the x-coordinate of all points of inflection of the
graph of y = g(x) for -3 < x < 7. Justify your

] answer.

i (t) Find the absolute maximum value of g on the

|

|

interval -3 < x < 7. Justify your answer.
(c) Find the average rate of change of g(x) on the
interval 3<x<7.

Graph of g’

(d) Find the average rate of change of g'(x) on the interval -3 < x < 7. Does the Mean Value Theorem

applied on the interval -3 < x < 7 guarantee a value of ¢, for =3 < ¢ < 7, such that g"(¢) is equal
to this average rate of change? Why or why not?

: (@) g’ changes from increasing to decreasing at x = 1; { 1: x-values

. g’ changes from decreasing to increasing at x = 4, 1 : justification

Points of inflection for the graph of y = g(x) occur at
x=1and x = 4.

(b) The only sign change of g” from positive to negative in 1 :identifies x = 2 as a candidate
the interval is at x = 2. 3 : 4 1:considers endpoints

1 : maximum value and justification

g(-3)=5+ L—Bg'(x) dx =5+ (—1)+4 =1

2 p)
g(2)=5

CFA

7o 1
g(N=5+ glx)de=5+(A)+5 =

P W

The maximum value of g for 35 x5 7 is %

3 15
g{7)-g(-3) 73 7 3 I : difference quotient
(c) ==3 2:

7-(-3) 10 1 : answer

(@ g’(Z)_—(f’;()—:”) _ 1—1(0_4) :_%_ . {1 : average value of g’(x)

. 1 : answer “No” with reason
No, the MVT does not guarantee the existence of a

value ¢ with the stated properties because g” is not
differentiable for at least one pointin -3 < x < 7.

© 2008 The College Board. All rights reserved.
Visit the College Board on the Web: www.collegeboard.com.
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AP® CALCULUS

Question 4

Let / be a function defined on the closed interval -5 < x <5
with £ (1) = 3. The graph of f, the derivative of £, consists
of two semicircles and two line segments, as shown above.

(@) For =5 < x < 5, find all values x at which f has a
relative maximum, Justify your answer.

AB

2007 SCORING GUIDELINES (Form B)

2._

N

{(b) For =5 < x < 5, find all values x at which the graph of f
has a point of inflection. Justify your answer.

(c) Find all intervals on which the graph of 1 is concave up
and also has positive slope. Explain your reasoning,

— —— /\ '
S 4.3 2 - 0 2 3 4N
(5, ~1)

~2

Graph of

(d) Find the absolute minimum value of f(x) over the closed interval —5 < x < 5. Explain your reasoning.

(@ fi(x)=0atx=-3 1,4
J' changes from positive to negative at —3 and 4.
Thus, f has a relative maximum at x = -3 and at x = 4.

(b) f' changes from increasing to decreasing, or vice versa, at
x =—4, -1, and 2. Thus, the graph of f has points of
inflection when x = -4, -1, and 2. '

(c) The graph of f is concave up with positive slope where 7'
is increasing and positive: -5 <x <-4 and 1 <x < 2.

1 . 14 ot bsol . . 1 cr
: changes from negative to positive (at x = 1) and at the
endpoints (x = -5, 5).

f(=5)=3+ jl‘sf'(x)dxz:%—%uwa

fm=3

F(5) =3+ _[ff'(x)dx =3+3‘-5-2-—%> 3

The absolute minimum value of f on [-5, 5] is f(1) = 3.

5. 1 : x-values
" {1 :justification

5. 1 : x-values
" | 1 :justification

5. 1 : intervals
" | 1 : explanation

3 : < 1:considers endpoints
1 : value and explanation

© 2007 The College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for students and parents),
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AP® CALCULUS AB
2005 SCORING GUIDELINES

Question 4
X 0 |O0<x<1]| 1 |1<x<2 | 2 |2<x<3]| 3 |3<x<4
Fx) -1 Negative 0 Positive 2 Positive Negative
S(x) 4 Positive 0 Positive | DNE | Negative | -3 | Negative
S7(x) | -2 | Negative | 0 Positive | DNE | Negative | 0 Positive

Let f be a function that is continuous on the interval [0, 4). The function 7 is twice differentiable exceptat x = 2. The

function f and its derivatives have the properties indicated in the table above, where DNE indicates that the derivatives of f

do notexistat x = 2.

(a) For 0 < x < 4, find all values of x at which f has a relative extremum. Determine whether f has a relative maximum
or a relative minimum at each of these values. Justify your answer.

(b) On the axes provided, sketch the graph of a function that has all the characteristics of 1. i
{Note: Use the axes provided in the pink test booklet.)

(c) Let g be the function deﬁned.by g(x) = Lx f{#) dt onthe open interval {0, 4). For

0 < x < 4, find all values of x at which g has arelative extremum. Determine whether g has a
relative maximum or a relative minimum at each of these values. Justify your answer.

0

(d) For the function g defined in part (¢}, find all values of x, for 0 < x < 4, at which the graph of g has a point of
inflection. Justify your answer.

(a) f has a relative maximum at x = 2 because f* changes from

positive to negative at x = 2.

5 - { 1 : relative extremum at x = 2
" | 1: relative maximum with justification

®) 1:pointsatx =0, 1, 2, 3
y 5. and behavior at (2, 2)
R 4 " | 1:appropriate increasing/decreasing
“ and concavity behavior
5 ] =

(¢) g'lx)=f(x)=0atx=13.
g’ changes from negative to positive at x =1 so g has a relative
minimum at x = 1. g’ changes from positive to negative at x = 3

s0 g has a relative maximum at x = 3.

(d) The graph of g has a point of inflection at x = 2 because g”’ = f*

changes sign at x = 2.

A

Copyright © 2005 by College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents),

5

1:8'(x) = f(x)
319 1 critical points
1 : answer with justification

{ 1:x=2
1 : answer with justification
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AP® CALCULUS AB

2004 SCORING GUIDELINES (Form B)

Question 4

The figure above shows the graph of f , the derivative of the function £,

on the closed interval —1 < x < 5. The graph of /' has horizontal tangent

linesat x =1 and x = 3. The function f is twice differentiable with

f(2)=6.

(a) Find the x-coordinate of each of the points of inflection of the graph
of 7. Give a reason for your answer.

(b) At what value of x does f attain its absolute minimum value on the
closed interval —1 € x £ 57 At what value of x does f attain its

absolute maximum value on the closed interval —1 < x £ 5 ? Show
the analysis that leads to your answers.

(5.0

{a.m (4, 0)

0, -1
0.-5 21}

{3, ~2)

-1 -3
Graph of f*

(¢) Let g be the function defined by g(x) = x/(x). Find an equation for the line tangent to the graph

of gat x=2.
(1) x=1and x =3 because the graph of f” changes from 5. l:x=1,x=3
' increasing to decreasing at x = 1, and changes from " 11 :reason
decreasing to increasing at x = 3.

(b) The function fdecreases from x = —1 to x = 4, then 1:indicates f decreases then increases
increases from x = 4 to x = 5. | 1: eliminates x = 5 for maximum
Therefore, the absolute minimum value for fis at x = 4. 4: 1. absolute minimum at x = 4
;;hi a_bsSolute maximum value must occur at x = -1 or 1+ absolute maximum at x = —1

£ -7 = [ fleydi <o

Since f(ﬁ) < f(—-])) the ahsolute maximum value occurs

at x = —1.
© g(x)y=flx)+xf(x) N {
g2)=F(+2£(2)=6+2(-1)=4 :

g(2)=2/(2) =12

Tangent lineis y = 4(x —2)+12

2:g'(x)
1 : tangent line

Copyright © 2004 by College Entrance Examination Board, All rights reserved.
Visit apeentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents).
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AP® CALCULUS AB .
2003 SCORING GUIDELINES

Question 4

Let f be a function defined on the closed interval —3 < x < 4 with

f(0) = 3. The graph of f’, the derivative of f consists of one line

segment and a semicircle, as shown above.

(2)
(b)

()

(d).

on the open interval —3 < z < 4. Justify your answer.

On what intervals, if any, is f increasing? Justify your answer.

Find the wcoordinate of each point of inflection of the graph of f

Find an equation for the line tangent to the graph of f at the
point (0,3).
Find f(—3) and f{4). Show the work that leads to your answers.

=3. h

Gruph ol f*

(a)

(b)

(e)

The function fis increasing on [—3,—2] since
fi>0for -3 <z<-2.

z=0and x=2

f' changes from decreasing to increasing at

{1:
2.
1:

:z=0and z = 2 ouly

interval

reason

x = 0 and from increasing to decreasing at : justification
=2
(o) = —2 1 : equation

Tangent line is y = —2z 4 3.

10~ 13 = [ f'yd

1 1 3
— 00~ ;0@ =3

=

(32

2
(difference of areas

ef dpdoaelant -
S bEHREes)

ek

=3 = JO)+5 =3

-0 = [ fe)a

- _(8 - %(2)%) — —842r

f4)=f(0)-84+2r=—-5+27

: answer for f(—3) using FTC

: + (8 - %(2)%)

(area of rectangle

— area, of semicircle)

: answer for f(4) using FTC

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apceniral.collegeboard.com.
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AP® CALCULUS AB
2007 SCORING GUIDELINES

Question 6

Let f be the function defined by 7(x) = kv’x — In x for x > 0, where % is a positive constant.
(2) Find f'(x) and 7”(x).

(b) For what value of the constant t does f have a critical point at x = 1? For this value of &, determine
whether f has a relative minimum, relative maximum, or neither at x = 1. Justify your answer.

(c) For a certain value of the constant #, the graph of f has a point of inflection on the x-axis. Find this

value of k.
@ fx)=--_-1 (1 ()
2x  x 2'{1:f”(x)
(5) = gl 4 57

) f’(1)=%k—1=0:>k=2 ssets f()=00r f(x)=

1 . : solves for &
When £ =2, /(1) =0 and f'(1) = -5 +1> 0. 4:

[ T ) S G Sy

: answer
S has arelative minimum value at x =1 by the : justification
Second Derivative Test.
{c) At this inflection point, f"(x) =0 and f(x) = 0. 1: f(x)=00r f(x)=0
3 —=quatiorimone vartable
ey =0= —F_ -k 1 —0= k=t 11:answer
4x3/ z ¥ ¥x
F(x) = 0= kix — lnx—0:>k-1n—x
Jx
Therefore, _Inx
J— Vx
=4=Inx
=>x=e
= k= ;E-

© 2007 The College Beoard. All rights reserved.
Vigit apcentral. collegeboard com (for AP professionals) and www.collegeboard.com/apstudents (for students and parents).
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AP® CALCULUS AB
2010 SCORING GUIDELINES (Form B)

Question 2

The function g is defined for x > 0 with g(1) =2, g'(x) = sin(x + %) and g”(x) = (1 - —12—]cos(x + %)
) X

(a) Find all values of x in the interval 0.12 < x <1 at which the graph of g has a horizontal tangent line.
(b) On what subintervals of (0.12, 1), if any, is the graph of g concave down? Justify your answer.
(c) Write an equation for the line tangent to the graph of g at x = 0.3.

(d) Does the line tangent to the graph of g at x = 0.3 lie above or below the graph of g for 0.3 < x < 1? Why?

(@) The graph of g has a horizontal tangent line when g(x) = 0. 5. 1:sets g'(x) =0
This occurs at x = 0.163 and x = 0.359. " | 1: answer

(b) g”(x)=0 at x =0.129458 and x = 0.222734 2. { 1 : answer

1 : justificati
The graph of g is concave down on (0.1295, 0.2227) Justitication

because g”(x) < 0 on this interval.

(© g(0.3) =-0.472161 1:2°(0.3)
03 , 1 : integral expression
03)=2+ dx = 1.546007 :
£(0.3) J, £ 1)1 g03)
An equation for the line tangent to the graph of g is 1 : equation
¥ =1546 -0.472(x - 0.3).
d g"(x)>0for03<x<1 1 : answer with reason

Therefore the line tangent to the graph of g at x = 0.3 lies
below the graph of g for 0.3 < x <1.

© 2010 The College Beard.
rA}- 6 Visit the College Board on the Wel: www.collegeboard.com. ?— 6



AP® CALCULUS AB
2006 SCORING GUIDELINES (Form B)

Question 2

Let f be the function defined for x = 0 with f(0) =5 and f”, the I 1
first derivative of £, given by f'(x) = e/ sin(xz). The graph

of y = f’(x) is shown above. : /\ /\
(a) Use the graph of f* to determine whether the graph of £ is 5 - s -
concave up, concave down, or neither on the interval ' \\/ N
1.7 < x < 1.9. Explain your reasoning.

(b) On the interval 0 < x £ 3, find the value of x at which f has

an absolute maximum. Justify your answer. - Graph of f*
(c) Write an equation for the line tangent to the graph of f at x = 2.
(a) Ontheinterval 1.7 < x < 1.9, f’ is decreasing and 5. { [ : answer
thus f is concave down on this interval, " 1:reason
() f(x)=0 when x = 0,Vx, 27, 37, ... [ 1 :identifies v and 3 as candidates
On {0, 3] f’ changes from positive to negative -or-
only at v7r. The absolute maximum must occur at 3. ) indicates that the graph of f
x = J7r or at an endpoint. ’ increases, decreases, then increases
1 : justifies f(\/;r-) > f(3)
fl0)=:5 | 1:answer
r
fT) = F(0) + jo”f'(x) dx = 5.67911
3
£(3) = F(0) + jo F/(x) dv = 5.57893
This shows that / has an absolute maximum at x = V7.
2
©  £(2) = £(0)+ jo F(x)de =5.62342 2: £(2) expression
, 05 . 1 : integral
J1(2) =7 sin(4) = -0.45902 4: 1 :including f(0) term
1 (2
Y —5.623 = (~0.450)(x - 2) 172
1 : equation

© 2006 The College Board. All rights reserved.
Visit apcentral. collegeboard.com (for AP professicnals) and www.collegeboard.com/apstudents (for AP students and parents).
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??; 82. If y =2x-8, what is the minimum value of the product xy ?

) A) ~16 ®B) -8 ©) —4 D) 0 E) 2

qs 36. Consider all right circular cylinders for which the sum of the height and circumference is
30 centimeters. What is the radius of the one with maximum volume?

8L
30 10

(A) 3cm (B) 10cm (C) 20cm (D) — em (E) oy cm

By 45. Tflle‘volume ofa cylin_drica] tin can with a top and a bottom is to be 161 cubic inches. If a
mln‘?lmum amount of tin is to be used to construct the can, what must be the height, in inches, of the
can®? ’

Ay 232 B) 242 © 233 D) 4 (E) 8

. . 1 .
6'7 11.  The point on the curve x> +2 ¥ =0 that is nearest the point (0, —-2—J occurs where y is

BC 1
(A) 3

B) 0

1

©) ~3

(D) -1

(F) ngne of the above

39. The point on the curve 2y = x” nearest to (4,1) is

?3 A (0,0 ®) (2,2) (©) (Jil) D) (2&,4) ®) (4.8)

95" 45. What is the area of the largest rectangle that can be inscribed in the ellipse 4x% +93?% =369

8c

) (A) 62 ®) 12 (C) 24 (D) 242 (E) 36

13 1%
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Linear Approximarhons

?8‘ 92, Let f be the function given by f(x) = x*~2x+3. The tangent line to the graph of f at x = 2 is
: [ - ~ used to approximate values of S (x). Which of the following is the greatest value of x for which
’ the error resulting from this tangent line approximation is less than 0.5 ?

(A) 24 B) 2.5 € 26 @) 27 (E) 2.8

6q 36. The approximate value of y=+/4+sinx at x=0.12, obtained from the tangent to the graph at-
x=0, is

(A) 2.00 (B) 2.03 (C) 2.06 O) 2.12 (E) 2.24

6? 37.  Which is the best of the following polynomial approximations to cos2x near x = ( 9

2
(A) 1+§ (B) l+x (©) 1—"7 D) 1-2x (E) 1-2x4y2

q; 14. Let f be a differentiable function such that
of f at x=3 is used to find an approximati

S(3)=2and f'(3)=5.1fthe tangent line to the graph
on to a zero of f; that approximation is

(A) 04 (B) 0.5 © 2.6 (D) 3.4 F) 55

—_—
approximate the real root of x3 +x
=1 would lead to a third approximation of x, =

—_—
—1=0, then a first

qB 45. IfNewton’s method is used to
approximation x;

(A) 0.682 (B) 0.686 (€) 0.694 D) 0.750 E) 1.637

19 #
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25. Consider the curve in the xy-plane represented by x=¢' and y=te™ for 20, The slope of the
9 ¢ line tangent to the curve at the point where x =3 ig

(A) 20.086 B) 0342 (C) —0.005 .(D) ~0.011 (E) —0.033

?3 44.  For small values of &, the function 16+ 7 is best approximated by which of the following?

h h h
(A) 4+_3_£ B) 2+§ © })5
h h
(D) 4-55 E) 2—52—




Helcded Kates

? 26. The radius r of a sphere is increasing at the uniform rate of 0.3 inches per second. At the instant
3 when the surface area S becomes 100n square inches, what is the rate of increase, in cubic inches

per second, in the volume V' 7 (S =4nr? and V = -;Enrs ]

(A) 10m (B) 12n ©) 225m (D) 25= (E) 30=

B 39. t’ll"lhe radius of a c.:lrcle. is increz%sing at a nonzero rate, and at a certain instant, the rate of increase in
the area of the '01rcle is nu:-merlcally cqual to the rate of increase in its circumference. At this
instant, the radius of the circle is

1 ! 2
@A) — ®) 5 © - @ 1 B 2

(2l

23. In the triangle shown above, if @ increases at a constant rate of 3 radians per minute, at what rate is
x increasing in units per minute when x equals 3 units?

(A) 3 ® - © 4 D 9 ® 12

40

:
R 0

34. In the figure above, PQ represents a 40-foot ladder with end P against a vertical wall and end Q on
ec, level ground. If the ladder is slipping down the wall, what is the distance RQ at the instant when O

is moving along the ground i— as fast as P is moving down the wall?

A) %/1_0 ®) —i—\/l'ﬁ ©) ®) 24 ® 2

feed
ﬁlc

3l
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gg 40. The sides of the rectangle above increase in such a way that a =1 and &

dy
=32 :
7 7 At the instant

when x=4 and y=3, what is the valug of & ?
dt

1 _ .
@ 3 | ® 1 ©) 2 D) 5 B s

% 37. A person 2 meters tall walks directly away from a sireetlight that is 8 meters above the ground. If
the person is walking at a constant rate and the person’s shadow is lengthening at the rate of %

meter per second, at what rate, in meters per second, is the person walking?

@ = ® =

3
> © 7 (D)

3 9

qg 78. The radius of a circle is decreasing at a constant rate of 0.1 centimeter per second. In terms of the

Bc circumference C, what is the rate of change of the area of the circle, in square centimeters per
second? '
Ay -(0.2)nC
(B) ,—(O.l)C
© (0.1)C
: 2%
@) (0.1Y°C

® (0.1)=C

T 34



| % 34. The top of a 25-foot ladder is sliding down a vertical wall at a constant rate of 3 feet per minute.

When the top of the ladder is 7 feet from the ground, what is the rate of change of the distance
between the bottom of the ladder and the wall?

(A) —% feet per minute

(B) _1 feet per minute

24

7 .
Cy — feet per minute
(%) o P

(D) % feet per minute

(E) ;—; feet per minute

6% 9.
Ag

When the; area in square units of an expanding circle s incfeasing twice as fast as its radius in
linear units, the radius is
" — ®) = © = ®) 1 E

4n 4 )’ &

3 5 31. The volume of a cone of radius » and height # is givenby V = %'JT. #2h . If the radius and the height

. 1 . . . .
both increase at a constant rate of 3 centimeter per second, at what rate, in cubic centimeters per

8BS 22.
8c

second, 1s the volume increasing when the height is 9 centimeters and the radius is 6 centimeters?

(A) %n (B) 107 (C) 24n (D) 54n (E) 1087

The area of a circular region is increasing at a rate of 96n square meters per second. When the area

of the region is 64n square meters, how fast, in meters per'second, is the radius of the region
increasing?

&) 6 ®) 8 ©) 16 D) 43 E) 123

35



qg 90. If the base b of a triangle is increasing at a rate of 3 inches per minute while its height # is
decreasing at a rate of 3 inches' per minute, which of the following must be true about the area 4 of
the triangle?

(A) A is always increasing.

(B) A isalways decreasing.

(C) Ais decreasing only when b<h .
(D) A is decreasing only when >/ .
(E) .A4 remains constant.

q? 81. A railroad track and a road cross at right angles. An observer stands on the road 70 meters south of
the crossing and watches an eastbound train traveling at 60 meters per second. At how many

meters per second is the train moving away from the observer 4 seconds after it passes through the
intersection?

(A) 5760  (B) 57.88 (©) 5920 D) 60.00 (E) 67.40

W 86. Let f(x)= Jx . If the rate of change of f at x=c is twice its rate of change at x =1, then ¢ =

1 1 1
A) =~ 1 e -
A) - B) © 4 D) N (E) )

CPK 20. When x =8, the rate at which ¥/x is increasing is % times the rate at which x is increasing. What

oy
4

. 1 1 ol
st value ol %

A) 3 (B) 4 < 6 D) 8 (E) 12

3 Al



h
Ship B W E

¥

' Lighthouse ¥
Rock
<
6. Ship A is traveling due west toward Lighthouse Rock at a speed of 15 kilometers per hour (km/hr). Ship B is
traveling due north away from Lighthouse Rock at a speed of 10 km/hr. Let x be the distance between Ship A

and Lighthouse Rock at time ¢, and let y be the distance between Ship B and Lighthouse Rock at time ¢, as
shown in the figure above.

(a) Find the distance, in kilometers, between Ship A and Ship B when x = 4 km and v = 3 km.
(b} Find the rate of change, in km/hr, of the distance between the two ships when x = 4 km and ¥ =3 km.

(c) Let & be the angle shown in the figure. Find the rate of change of 8, in radians per hour, when x = 4 km
and y = 3 km.

f——-10 cm ———]

1)

TV

5. A container has the shape of an open right circular cone, as shown in the figure above. The height of the
container is 10 cm and the diameter of the opening is 10 cm. Water in the container is evaporating so that

its depth 4 is changing at the constant rate of ;—8 cm/hr.

(Note: The volume of a cone of height % and radius r is givenby V = %ﬁ:rzk.)

(a) Find the volume V of water in the container when 4 = 5 cm. Indicate units of measure.

(b) Find the rate of change of the volume of water in the container, with respect to time, when A = 5 cm.
Indicate units of measure.

(¢) Show that the rate of change of the volume of water in the container due to evaporation is directly
proportional to the exposed surface area of the water. What is the constant of proportionality?
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3. The figure above shows an aboveground swimming pool in the shape of a cylinder Wiﬂ:l a rgglius of 12 feet and a
height of 4 feet. The pool contains 1000 cubic feet of water at time ¢ = 0. During the time interval 0 < 1 <12

hours, water is pnmped into the pool at the rate P(¢) cubic feet per hour. The table above gives values of P(z)

for selected values of ¢. During the same time interval, water is leaking from the pool at the rate R(#) cubic feet
—0.05¢

per hour, where R(t) = 25e
V = zrlh.)

. (Note: The volume V of a cylinder with radins r and height % is given by

(a) Use a midpoint Riemann sum with three subintervals of equal length to approximate the total amount of
water that was pumped into the pool during the time interval 0 < ¢ = 12 hours. Show the computations that
lead to your answer.

(b) Calculate the total amount of water that leaked out of the pool during the time interval 0 < ¢ < 12 hours.

(¢) Use the results from parts (a) and (b) to approximate the volume of water in the pool at time ¢ = 12 hours.
Round your answer (o the nearest cubic foot.

(d) Find the rate at which the volume of water in the pool is increasing at time ¢ = 8 hours. How fast is the
water level in the pool rising at ¢ = 8 hours? Indicate units of measure in both answers.

e-h

3. Oilis leaking from a pipeline on the surface of a lake and forms an oil slick whose volume increases at a
- constant rate of 2000 cubic centimeters per minute. The oil slick takes the form of a right circular cylinder

Wil DOoIn 4 And n Aaq

PO a4 ITE I1a 1% L} W

(a) At the instant when the radius of the oil slick is 100 centimeters and the height is 0.5 centimeter, the radius is
increasing at the rate of 2.5 centimeters per minute. At this instant, what is the rate of change of the height of

the oil slick with respect to time, in centimeters per minute?
(b) A recovery device arrives on the scene and begins removing oil. The rate at which oil is removed is
R(z) = 400V cubic centimeters per minute, where 7 is the time in minutes since the device began working.

0Oil continues to leak at the rate of 2000 cubic centimeters per minute. Find the time ¢ when the oil slick
reaches its maximum volume. Justify your answer.

(¢) By the time the recovery device began removing oil, 60,000 cubic centimeters of oil had already leaked.

Write, but do not evaluate, an expression involving an integral that gives the volume of oil at the time found
in part (b).
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] 5. A coffeepot has the shape of a cylinder with radius 5 inches, as shown in the figure above. Let 1 be the depth of

the coffee in the pot, measured in inches, where £ is a function of time #, measured in seconds. The volume V
of coffee in the pot is changing at the rate of —57+/% cubic inches per second. (The volume V of a cylindet with

radius r and height & is V = zr2h.)

dh _ R
(a) Show that % -5

for k as a function of ¢.

_h.
5

(b) Given that s = 17 at time ¢ = 0, solve the differential equation —d&? =

(c) At what time ¢ is the coffeepot empty?

A ¥



ks

S S B P Y

AP® CALCULUS AB
2002 SCORING GUIDELINES (Form B)

Question 6

Ship A is traveling due west toward Lighthouse Rock at a

speed of 15 kilometers per hour (km/hr). Ship B is traveling m - -—?413
due north away from Lighthouse Rock at a speed of 10 )
km /hr. Let z be the distance between Ship A and Lighthouse y

Rock at time %, and let y be the distance between Ship B and e

Lighthouse Rock at time ¢, as shown in the figure above.

(a) Find the distance, in kilometers, between Ship 4 and
Ship B when £ = 4 km and y = 3 km.

{(b) Find the rate of change, in km/hr, of the distance between the two ships when z= 4 km

and y = 3 km.
(¢} Let @ be the angle shown in the figure. Find the rate of change of ¢, in radians per hour,
when z = 4 km and ¥ = 3 km.

(a) Distance = +3% + 42 =5km 1: answer
b) r*=a"+y’
dr Iz dy 1 : expression for distance
QTE = de—t + 2yE£ A 2 : differentiation with respect to ¢
or explicitly: < ~2 > chain rule error
o= Ja? +y? 1 : evaluation
; dr 1 dz dy
O S | S, P 4
di 2\/:v2+y2( @t ydt)
Atz=4,y=3,
g P A Bk BT s T e I a LY
: o —_ #— o)+ o{10]) —
: P Sa— 6 km/hr
{c) tanf = % BE expression for ¢ in terms of z and y
dy . dz . 2 : differentiation with respect to ¢
sec? 8 %:h = it—-—zi < —2 > chain rule, quotient rule, or
T
5 4 transcendental function error
Atz=4and y = 3, secl = -
Y ’ 4 note: 0/2 if no trig or inverse trig
d_@ = 16 10(4) — (-15)(3) function
dt 25 16
85 17 +adiags b _ 1 : evaluation
T 257 5

B

Copyright © 2002 by College Enirance Examination Board, All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board.
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AP® CALCULUS AB 2002 SCORING GUIDELINES

Question 5

10 cm ——
A container has the shape of an open right circular cone, as shown in the figure

above. The height of the container is 10 em and the diameter of the opening is 10 - —

cm. Water in the container is evaporating so that its depth 5 is changing at the

10 cm

-3
constant rate of 0 cm /hr. T L —

(The volume of a cone of height h and radins r is given by V = ~1-m~9h.)

(s) Find the volume V of water in the container when £ = § cm. Indicate units

of measure. -
(b) Find the rate of change of the volume of water in the container, with respect to time, when A =5 em. Indicate
units of rueasure. '
(¢} Show that the rate of change of the volume of water in the container due to evaporation is directly proportional

to the exposed surface area of the water. What is the constant of proportionality?

B 5. 1 (5y,. 125 3 1:V when h=5
| (a) When h =5, r=zi V(5)—§w(§) 5—Eﬂ cm _
{b) %2%1501‘:%}1 1: rzéhin(a)or(b)
V=2in ( h2)h———- ity B Lo 8B
3 a4 dt V' as a function of one variable
av 1 3 15 3 _ ]
Fho = (1) =5 it (a) or (b)
. 1: 4 OR
OR 5 1 dr
dt
dV. 1 ( ,dh dr\ dr _1dh
Tt E ) T 0a v
2 —
T =777 1)+ 2505 20) @
Ly =5 3 4 10 2 20 < —2 > chain rule or product rule error
- _EW cm® { 1: evaluationat h =5
r |
() _‘?_K:‘_l_ﬂhzd_hz_iﬂhz 1: shows %zk-a,rea
dt 4 dt 40 . .
3 . 3, 3 2 4 1: identifies constant of
- _EW(%) ~ 7" T T Ee proportionality
The constant of proportionality is —%.
units of cm® in (a) and cm“/ﬁr in (b) - 1: correct units in (a) and (b)

Copyright © 2002 by College Entrance Examination Board. All rights reserved.
Advzmced Placement Program and AP are registered trademarks of the College Entrance Examination Board.
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AP® CALCULUS AB
2010 SCORING GUIDELINES (Form B)

Question 3

PO 0|46 |53|57|60]62]|63

The figure above shows an aboveground swimming pool in the shape of a cylinder with a radius of 12 feet and a
height of 4 feet. The pool contains 1000 cubic feet of water at time ¢ = 0. During the time interval 0 < 7 < 12
hours, water is pumped into the pool at the rate P(f) cubic feet per hour. The table above gives values of P(1)

for selected values of . During the same time interval, water is leaking from the pool at the rate R(¢) cubic feet
per hour, where R(#) = 25¢™"%’. (Note: The volume ¥ of a cylinder with radius » and height # is given by
v =nrth.)

() Use a midpoint Riemann sum with three subintervals of equal length to approximate the total amount of water
that was pumped into the pool during the time interval 0 <7 <12 hours. Show the computations that lead to
your answer.

(b) Calculate the total amount of water that leaked out of the pool during the time interval 0 < ¢ <12 hours.

(c) Use the results from parts (2) and (b) to approximate the volume of water in the pool at time # = 12 hours.
Round your answer to the nearest cubic foot.

(d) Find the rate at which the volume of water in the pool is increasing at time s = 8 hours. How fast is the water
level in the pool rising at 7 = 8 hours? Indicate units of measure in both answers.

2 1 : midpoint
@) J'l P(t)dt = 46-4+57 -4 +62-4 = 660 ft° z:{ midpoint sum
0 1 : answer
12 B 3 [ 1 integral
)[R ar = 22559 f 2: { | g
ST 12
(c) 1000+ Io P(t)dt - LJ R(1) dt =1434.406 1 : answer

Attime ¢ = 12 hours, the volume of water in the pool is
approximately 1434 ft°,

@ V(1) = P(t) - R(t) (1:7(8)
V'(8) = P(8) — R(8) = 60 — 25¢™4 = 43.241 or 43.242 £t* /hr 1: equation relating %Z and 22
4
4:
V= Jr(l2)2h T
W 14429 s
F dt | 1: units of ft* / hr and ft /hr
i) _ 1 ar| _
| =Tags G, = 0095 or 0.096 fi/hr

© 2010 The College Board.
Visit the College Board on the Web: www.ccllegeboard.com.



AP® CALCULUS AB
2008 SCORING GUIDELINES

Question 3

Oil is leaking from a pipeline on the surface of a lake and forms an oil slick whose volume increases at a
constant rate of 2000 cubic centimeters per minute. The oil slick takes the form of a right circular cylinder
with both its radius and height changing with time. (Note; The volume ¥ of a right circular cylinder with

radius » and height % is given by ¥ = arth.)

(a) Atthe instant when the radius of the oil slick is 100 centimeters and the height is 0.5 centimeter, the
radius is increasing at the rate of 2.5 centimeters per minute. At this instant, what is the rate of change
of the height of the oil slick with respect to time, in centimeters per minute?

(b) A recovery device arrives on the scene and begins removing oil, The rate at which oil is removed is
R(¢) = 400v# cubic centimeters per minute, where # is the time in minutes since the device began
working. Oil continues to leak at the rate of 2000 cubic centimeters per minute. Find the time ¢ when
the oil slick reaches its maximum volume. Justify your answer.

{c) By the time the recovery device began removing oil, 60,000 cubic centimeters of oil had already
leaked. Write, but do not evaluate, an expression involving an integral that gives the volume of oil at
the time found in part (b).

T

() When =100 cmand % = 0.5 cm, 22 = 2000 cm® /min 1: 2 2000 and & =25
& dr it
d ar _ = 2.5 cm/mi 4: 2 : expression for “=—
an at O I/ min. dt
1 : answer
av . 2 dh
dr Zm dt ht dr
2000 = 27(100)(2.5)(0.5) + 7 (100)* & dh
% = 0.038 or 0.039 cm /min
dav av P =
(b) 7= 2000 — R(r), so T 0 when R(r) = 2000. 1: R(¥) = 2000

3:4 1:answer
1 : justification

This occurs when ¢ = 25 minutes.
Since“;,—f>0for0<r<2s and‘;—fw for ¢ > 25,

the o1l slick reaches its maximum volume 25 minutes after the
device begins working.

(¢) The volume of oil, in em?, in the slick at time 7 = 25 minutes 5. { 1 : limits and initial condition

is given by 60,000 + .[o (2000 — R(2)) dt. 1 : integrand

© 2008 The College Board. All rights reserved.
Visit the College Board on the Web: www.collegeboard. com.



APe CALCULUS AB
2003 SCORING GUIDELINES

Question 5

A coffeepot has the shape of a cylinder with radius 5 inches, as shown in the figure
above. Let h be the depth of the coffee in the pot, measured in inches, where h is a,
function of time {, measured in seconds. The volume V of coffee in the pot is
changing at the rate of —57vh cubic inches per second. {(The volume V of a cylinder
with radius r and height A is V = 7rih.)

N

dh vh _ e
(a) Show that ~- = — R
(b) Given that h = 17 at time ¢ = 0, solve the differential equation %‘;—{ = ~g for | g o fin
h as a function of % _,.—;f;”—';_..—"t-.‘;
(¢} At what time ¢ is the coffeepot empty? \__/ -
@ V= R —
dv dh . av
= =%r— = —57xvh 3: . -
7 o7 7 v h 1 : computes o
dh —5uJh JE 1 : shows result
at "~ 25r 5
(b) d  h [ 1 : separates variables
di 5 1 : antiderivatives
L 1 1 : constant of integration
5
ﬁdh = —gdt 1 : uses inifial condition h = 17
when t =0
1 1 : solves for h
2Vh = —gt+C L
217 =0+ C
Note: max 2/5 [1-1-0-0-0] if no constant
1 2 of integration
h= (-5t +17)
[+
Note: 0/5 if no separation of variables
1 2
(c) (—'Et + Jl_’f) =0 1 : answer
t = 10V17

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard. com.
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Precewotse Funckon FRQS

1-2sinx forx<o0
e—4x

N .
O 6. Let £ be a function defined b x) =
v ! ¥ fx) { for x > 0,

(a) Show that f is continuous at x = 0, _
(b) For x # 0, express f*(x) asa piecewise-defined function. Find the value of x for which f(x)=-~3.
(¢} Find the average value of Jf on the interval [~1, 1].

6. Let f be the function defined by
F(x) :{«/m for0 < x <3
5—x for3<x<s,
(a) Is f continuous at x = 3 7 Explain why or why not.
(b} Find the average value of f(x) on the closed interval 0 < x < 5.

(¢) Suppose the function g is defined by
kvx+1 for0<x <3
8(x) =

mx+2 for3<xc<s,

where k and m are constants. If g is differentiable at x = 3, what are the valves of kand-m?——

" _ A



(¢) Find the average value of f on the interval -1, 1].

f Let f be a function defined by f(x) = {

AP® CALCULUS AB
2011 SCORING GUIDELINES

Question 6

e—4x

(a) Show that f is continuous at x = 0,

1-2sinx forx <0

(b) For x = 0, express f'(x) as a piecewise-defined function. Find the value of x for which f'(x) = -3. |

(a) .

(b)

lim (1-2sinx) =1
x>0 ‘
lim e™** =1

20"

f(0) =1

So, lim /(x) = /().

Therefore f is continuous at x = 0. -

—2cosx forx<0

4 forx>0

f'(x) ={

—2¢os x % —3 for all values of x < 0.

-4 = -3 when x = —%]n(%) > 0.

Therefore f'(x) = -3 for x = -%ln(%).

2 : analysis

1 :value of x

b {21

()

a4

[reyas={" reyass [ 1)
= j_ol(l ~ 2sin x) dx + j;e““‘ dx
= [x + 2cos xTil + [—%e"‘x}x:
= (3-2cos(-1)) + (—%e"4 + %)
Average value = %f_l f(x)dx

=13 cos(=1)— L
=3 cos(-1) 3¢

0 . 1 _ay
1: Ll(l 2sin x) dx and joe dx
2 : antiderivatives
1 : answer

© 2011 The College Board.
Visit the College Board on the Web: www.collegehoard.org. (:r Ll



AP® CALCULUS AB

2003 SCORING GUIDELINES

Question 6

Let f be the function defined by

Jz+1 for0<z<3
fle) = 65—z for3<az<5.

{a) Is f continuous at x = 37 Explain why or why not,
(b) Find the average value of f(z) on the closed interval 0 < z < 5.
{c) Suppose the function g is defined by

{kﬁ’—'ﬁ for 0<z<3
g -

me4+2 for3<z <5

where & and m are constants. If g is differentiable at z = 3, what are the values of k and m ?

(a) f is continuocus at 1 = 3 because [ 1: answers “yes” and equates the
ling f(z) = ]jxg flz)=2. values of the left- and right-hand
3" z— 3t 2 L.
Therefore, ]_II% f(z) =2 = f(3). limits
- 1 : explanation involving limits
5 3 ) [ 3 5
(b) fo f(m)d:c:j; f(:c)d:c+j; flzydz 1.kf0 f(:c)dm—kkf?’ fz)dz
3 5 where k = 0
=?-(:v+1)% +(53:—£m2) ( )
3 0 2 3 41§ 1: antiderivative of vz T 1
WICEE N L+ eticentntive of 5 =
=3 "3 5 "3 /=3 : antiderivative o
1 : evaluation and answer
1 p8 4
alue: — ==
Average value = J; flz)dz 3
(c) Since g is continuous av T = 3, 2k = om 2. [F—2h=dm—2
k ' k
— for 0 <z <3 3:{1: —-=
J@) =12z + 1 1"
mm for3 <z <5 1 : values for k and m

. k .
lim g'(z) = 7 2d I]ig}'_ gz =m

g—3
Since these two limits exist and g is
differentiable at z = 3, the two limits are

equal. Thus % = m.
2 8

=3 cm=—and k==
8m m+2;m 53.11 =

Copyright © 2003 by College Entrance Examination Board. All rights reserved.

Available at apcentral.collegeboard.com.
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Biemanm Sums

2 - » L]
1q3 36. If the definite integral Io e® db is first approximated by using two inscribed rectangles of equal

QQ 89.

width and then approximated by using the trapezoidal rule with »=2, the difference between the

two approximations is

(A) 53.60 (B) 30.51 (C) 27.80 D) 26.80 (E) 1278

X 215171 8
Fx) (10304020

The function f is continuous on the closed interval [2, 8] and has values that are given in the table

above. Using the subintervals [2,5].[5.7], and [7,8], what is the trapezoidal approximation of
8
J, fyax?

(A) 110 ®) 130 (€ 160 @) 190 (E) 210

x |ofos]1o]15]20
fol3] 315|813

A table of values for a continuous function f is shown above. If four equal subintervals of [O, 2]

are used, which of the following is the trapezoidal approximation of I 02 f(x)dx?

(AY 8 By 12 (e 14 M 24 By 29
\JLJ o \ul E = \\.l} I \J_I} T \J_lj ot et
Y
rF 3

2
af ¥=*
g\
2
1
— X
of 1 2

42. Calculate the approximate area of the shaded region in the figure by the trapezoidal rule, using

)?3

divisi t —-i and x-E

visions at x = 3 - 3 .
50 251 7 127 7
20 ikl o = D B

® ®) o © 3 D) = 27

e



g£& 18. Ifthree equal.subdivisions of [—4, 2] are used, what is the trapezoidal approximation of

BL j2 e

—dx?
-4 9
(A) e+ +e? B) et +e?+el (C) et +2e2 +2e% e
(D) %(e4+ez+eo+e"2) (E) %(64+262+280+8_2)

2
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! ot21519]10
(minutes)
H{1) 66 | 60| 52|44 43
(degrees Celsius)

% i i i i S t <10, where |
L 2. As a pot of tea cools, the temperature of the tea is modeled by a differentiable function H for 0 £ t £10, wher

time ¢ is measured in minutes and temperature H(t) is measured in degrees Celsius. Values of H () at selected
values of time ¢ are shown in the table above.

(a) Use the data in the table to approximate the rate at which the temperature of the tea is changing at time
¢ = 3.5. Show the computations that lead to your answer.

i i L i i blem. Use a trapezoidal
(b) Using correct units, explain the meaning of 0l H(t) dt in the context of this pro p

. 110
sum with the four subintervals indicated by the table to estimate Tﬁjo H(t) dt.

(c) Evaluate IIO H’(t) dt. Using correct units, explain the meaning of the expression in the context of this
D .
problem. N
(d) Attime ¢ = 0, biscuits with temperature 100°C were removed from an oven. The temperature of the
biscuits at time ¢ is modeled by a differentiable function B for which it is known that

B(t)=-13 8467017 Using the given models, at time z = 10, how much cooler are the biscuits than

the tea?

t
{hours) 0 2 3 7 8
E(1)
(bundredsof | O 4 13 21 | 23
entries)
Wk

2 A Z0U SpOnSUred @ OTe-day CONESL 10 Talie 4 New baby elephant. Zoo visitors deposited entries in a special box
between noon (¢ = 0) and 8 P.M. (¢ = 8). The number of entries in the box ¢ hours after noon is modeled by a

differentiabie function E for 0 < 7 < 8. Values of E(¢), in hundreds of entries, at various times ¢ are shown in
the table above.

(2) Use the data in the table to approximate the rate, in hundreds of entries per hour, at which entries were being
deposited at time ¢ = 6. Show the computations that lead to your answer,

' 1 18
{b) Use a trapezoidal sum with the four subintervals given by the table to approximate the value of —;—JO E(t) dr.

8
Using correct units, explain the meaning of é _[ 0 E(#) dt in terms of the number of entries.

(c) At8P.M, volunteers began to process the entries. They processed the entries at a rate modeled by the
function P, where P(t) = > — 3017 + 298¢ — 976 hundreds of entries per hour for 8 < £ < 12. According
to the model, how many entries had not yet been processed by midnight (¢ = 12) ?

{d) According to the model from part (c), at what time were the entries being processed most quickly? Justify
YOUr answer.

@fg



99

X 2 3 5 8 13

| 1 4 | 2| 3 | 6

5 Let f be a function that is twice differentiable for all real numbers. The table above gives values of f for
selected points in the closed interval 2 < x < 13.

(a) Estimate f’(4). Show the work that leads to your answer.

13 :
(b) Evaluate L (3 — 5f/(x)) dx. Show the work that leads fo your answer.

13
(c) Use a left Rierann sum with subintervals indicated by the data in the table to approximate L f(x) dx.

Show the work that leads to your answer.

(d) Suppose f’(5) =3 and f”(x) <0 forall x in the closed interval 5 < x < 8. Use the line tangent to the
graph of f at x = 5 to show that f(7) < 4. Use the secant line for the graph of f on 5 < x < 8 to show

that £(7) >4

¢t (hours) 0 1 3 4 7 8 9

L(z) (people) | 120 | 156 | 176 | 126 | 150 | 80 0

&h

oncert fickets went on saie ai noon = an

in line to purchase tickets at time 7 is modeled by a twice-differentiable function L for 0 < ¢ < 9. Values
of L(t) at various times ¢ are shown in the table above.

(a) Use the data in the table to estimate the rate at which the number of people waiting in line was changing
at 5:30 P.M. (¢ = 5.5). Show the computations that lead to your answer. Indicate units of measure.

(b) Use a trapezoidal sum with three subintervals to estimate the average number of people waiting in line
during the first 4 hours that tickets were on sale.

() For 0 <t < 9, what is the fewest number of times at which L’(z) must equal 0 ? Give a reason for your
answer.

(d) The rate at which tickets were sold for 0 < ¢#'< 9 is modeled by r(r) = 5507¢7/2 tickets per hour. Based on
the model, how many tickets were sold by 3 P.M. (¢ = 3), lo the nearest whole number?

Q9



Distance from the
river's edge (feet

Depth of the water (feet) 0 7 8 | 2 0

i 3. A scientist measures the depth of the Doe River at Picnic Point. The river is 24 feet wide at this location. The
measurements are taken in a straight line perpendicular to the edge of the river. The data are shown in the table
above. The velocity of the water at Picnic Point, in feet per minute, is modeled by v(z) = 16 + 2sin («It + 10) for
0 <t £ 120 minutes.

1 (a) Use a trapezoidal sum with the four subintervals indicated by the data in the table to approximate the area of
; the cross section of the river at Picnic Point, in square feet. Show the computations that lead to your answer.

(b) The volumetric flow at a location along the river is the product of the cross-sectional area and the velocity
of the water at that location. Use your approximation from part (a) to estimate the average value of the
volumetric flow at Picnic Point, in cubic feet per minute, from ¢ = 0 to ¢ = 120 minutes.

{c) The scientist proposes the function £, given by f(x) = 83111( ) as a model for the depth of the water,

24

in feet, at Picnic Point x feet from the river’s edge. Find the area of the cross section of the river at Picnic
Point based on this model.

{(d) Recall that the volumetric flow is the product of the cross-sectional area and the velocity of the water at a
location, To prevent flooding, water must be diverted if the average value of the volumetric flow at Picnic
Point exceeds 2100 cubic feet per minute for a 20-minute period. Using your answer from part (c), find the
average value of the volumetric flow during the time interval 40 < ¢ < 60 minutes. Does this value indicate
that the water must be diverted? '

t
5 7 11 12
(minutes) 0 2
) 57 | 40 | 20 | 12 | 06 | 05
(feet per minute)

: q'k
- 5. The volume of a sphencal hot air balloon expands as the an' inside the balloon is heated The radlus of the .

E : ] 100 of time he me ed in nuies. r'or
0<f<12, the graph of r is concave down The table above gives selected values of the rate of change r’(t),

of the radius of the balloon over the time interval 0 £ ¢ < 12. The radius of the balloon is 30 feet when ¢ = 5.

tl

(Note: The volume of a sphere of radius r is given by V = %m’?'. )

(a) Estimate the radius of the balloon when ¢ = 5.4 using the tangent line approximation at ¢ = 5. Is your
estimate greater than or less than the true value? Give a reason for your answer.

(b) Find the rate of change of the volume of the balloon with respect to time when ¢ = 5. Indicate units of
measure.

(c) Use a right Riemann sum with the five subintervals indicated by the data in the table to approximate

2 ) 12, ) ) _
r r’(¢) dt. Using correct units, explain the meaning of _fﬂ #(¢) dt in terms of the radius of the balloon.
0 o

: 12 .
(d) Is your approximation in part () greater than or less than -[0 #'(t) dt 7 Give a reason for your answer.

|00 \00
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Distance
x {cm)
Temperature 100 93 0
T(x) (oc) 62 55

0 1 5 6 8

3. A metal wire of length 8 centimeters (cm) is heated at one end. The table above gives selected values of the

temperature 7'(x), in degrees Celsius (°C), of the wire x cm from the heated end. The function T is decreasing
and twice differentiable.

(a) Estimate 7°(7). Show the work that leads to your answer. Indicate units of measure.

(b} Write an integral expression in terms of T'(x) for the average temperature of the wire. Estimate the average

temperature of the wire using a trapezoidal sum with the four subintervals indicated by the data in the table.
Indicate units of measure.

. 8 ., .o . 8
(c) Find _[0 T’(x) dx, and indicate units of measure. Explain the meaning of _[0 T’(x) dx in terms of the

temperature of the wire.

(d) Are the data in the table consistent with the assertion that 7”(x) > 0 for every x in the intefval- O<x<87

4-

3.

Explain your answer.

(min‘; t25) 0o |s {101]15]20 25 |30 {35 |40
v(t)
(miles perminute) | 70 {92 |95 |70 |43 24 124 |43 |73

A test plane flies in a straight line with positive velocity v(t), in miles per minute at time ¢ minutes, where

v is a differentiable fonction of 7. Selected values of w(z) for 0 < # < 40 are shown in the table above.

{(a) Use a midpoint Riemann sum with four subintervals of equal length and values from the table to

| Ol

40

approxXimate JO v(#) dt. Show the computations that lead to your answer. Using correct units, explain the
40

meaning of Jo v(£) dt in terms of the plane’s flight.

(b) Based on the values in the table, what is the smallest number of instances at which the acceleration of the
plane could equal zero on the open interval 0 < ¢ < 40 7 Justify your answer.

(c) The function f, defined by f{z) = 6 + cos(%] +3 sin({%j , is used to model the velocity of the plane,

in miles per minute, for 0 < ¢ < 40. According to this model, what is the acceleration of the plane at

¢ = 23 7 Indicate units of measure.

(d) According to the model £, given in part (c}, what is the average velocity of the plane, in miles per minute,
over the time interval 0 < ¢ < 407

10\



; 0]
g (minutes) | (gallons per minute)
) 0 T 20
§ 30 30
3 40 40
B 50 . 55
(=)
‘:% 10 70 65
= Y 90 0
010 20 30 40 50 60 70 80 90

Time

3-h
3. The rate of fuel consumption, in gallons per minute, recorded during an airplane flight is given by a twice-

differentiable and strictly increasing function R of time . The graph of R and a table of selected values of

R(z), for the time interval 0 < 7 < 90 minutes, are shown above.

(8) Use data from the table to find an approximation for R’(45). Show the computations that lead to your
answer. Indicate units of measure. '

(b) The rate of fuel consumption is increasing fastest at time ¢ = 45 minutes. What is the value of R”(45)?
Explain your reasoning. '

o
(¢) Approximate the value of jo R(t)dt using a left Riemann sum with the five subintervals indicated by the

90 '
data in the table. Is this numerical approximation less than the value of -[0 R(r) dt ? Explain your reasoning.

b
(d) For 0 < » < 90 minutes, explain the meaning of JOR(I) df in terms of fuel consumption for the plane.

b . .
Explain the meaning of % .Ilo R(t)dt in terms of fuel consumption for the plane. Indicate units of measure in

both answers.

Distance

x 0 | 60 | 120 | 180 | 240 | 300 | 360
(o)

Diameter .
B(x) 24 1 30 | 28 1 30 | 26 | 24 | 26
(mm)

3-8
3. A blood vessel is 360 millimeters (tnm) long with circular cross sections of varying diameter. The table above
gives the measurements of the diameter of the blood vessel at selected points along the length of the blood
vessel, where x represents the distance from one end of the blood vessel and B(x) is a twice-differentiable
function that represents the diameter at that point.

(a) Write an integral expression in terms of B(x) that represents the average radius, in mm, of the blood vesse]
between x = 0 and x = 360.

(b) Approximate the vaiue of your answer from part (a) using the data from the table and a midpoint Riemann
sum with three subintervals of equal length. Show the computations that lead to your answer.

275( B(x)

2
(d) Explain why there must be at least one value x, for ¢ < x < 360, such that B”(x) = 0. l O &

2 :
(c) Using correct units, explain the meaning of xj j dx in terms of the blood vessel.
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t (minutes) 0 4 9 15 20
W(t) (degrees Fahrenheit) | 550 | 57.1 61.3 679 | 71.0

The termperature of water in a tub at time ¢ is modeled by a strictly increasing, twice-differentiable function W,
where W(t) is measured in degrees Fahrenheit and # is measured in minutes. At time ¢ = 0, the temperature of

the water is 55°F. The water is heated for 30 minutes, beginning at time 7 = 0. Values of W(z) at selected

times # for the first 20 minutes are given in the table above.

(a) Use the data in the table to estimate W’(12). Show the computations that lead to your answer. Using correct
units, interpret the meaning of your answer in the context of this problem.

20 20
(b) Use the data in the table to evaluate jo W'(¢) dt. Using correct units, interpret the meaning of L} wW'(¢t) dt

in the context of this problem.

20
(¢) For 0 < ¢ < 20, the average temperature of the water in the tub is _ila.l-o W(t) dt. Use a left Riemann sum

: 20
with the four subintervals indicated by the data in the tabie to approximate —2% o W(t) dt. Does this

approximation overestimate or underestimate the average temperature of the water over these 20 minutes?
Explain your reasoning.

(d) For 20 < t < 25, the function W that models the water temperature has first derivative given by
W'(z) = 0.4Vt cos{0.06¢). Based on the model, what is the temperature of the water at time ¢ =257

o5
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Question 2

H
(minutes)

H(f)
(degrees Celsius)

025719 |10

66 | 60 | 52 | 44 | 43

As a pot of tea cools, the temperature of the tea is modeled by a differentiable function A for 0 < ¢ < 10, where
time 7 is measured in minutes and temperature H(¢) is measured in degrees Celsins. Values of H(f) at selected
values of time ¢ are shown in the table above.

(a) Use the data in the table to approximate the rate at which the temperature of the tea is changing at time
t = 3.5. Show the computations that lead to your answer.

10
(b) Using correct units, explain the meaning of %L H(t) dt in the context of this problem. Use a trapezoidal

10
sum with the four subintervals indicated by the {able to estimate % 0 H(t)dr

10
(¢) Evaluate _[0 H'(t) dt. Using correct units, explain the meaning of the expression in the context of this

problem.

(d) Attime ¢ = 0, biscuits with temperature 100°C were removed from an oven. The temperature of the
biscuits at time ¢ is modeled by a differentiable function B for which it is known that

B'(t) = ~13.84¢7%17¥ Using the given models, at time ¢ = 10, how much cooler are the biscuits than

the tea?
(@ H'(35)=~ Eiw 1 : answer
=2 ; 60 _ 2666 or —2.667 degrees Celsius per minute
<10
(b) 11;0]0 H(t) dr is the average temperature of the tea, In degrees Celsius, 1 : meaning of expression
over the 10 minutes. 3+ 1:trapezoidal sum
0 . 1 : estimate
1 1 66 + 60 60 + 52 52 + 44 44 + 43
1-6j0 H(f)dtmﬁ(z- S A3t 4 S 1 S )
= 52.95
10 ' .
(©) I() H'(t) dt = H(10) — H(0) = 43 —- 66 = -23 Y [ 1 : value of integral
The temperature of the tea drops 23 degrees Celsius from time 7 = 0 to 1 : meaning of expression
time ¢ = 10 minutes. '
10
(d) B(10) =100 + [ "B'(r) dt = 34.18275; H(10)~ B(10) = 8817 1 : integrand
The biscuits are 8.817 degrees Celsius cooler than the tea. 319 1:uses B(0) = 100
1': answer

© 2011 The College Board.
Visit, the Cellege Board on the Web: www.collegeboard.org,
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Question 2

t
(hours) 0 2 5 7 8
E(1)
(hundreds of | 0 4 13 21 23
entries)

A zoo sponsored a one-day contest to name a new baby elephant. Zoo visitors deposited entries in a special box
between noon (¢ = 0} and 8 P.M. (¢ = 8). The number of entries in the box ¢ hours after noon is modeled by a

differentiable function £ for 0 < ¢ < 8. Values of E(¢), in hundreds of entries, at various times ¢ are shown in
the table above.

(a) Use the data in the table to approximate the rate, in hundreds of entries per hour, at which entries were being
deposited at time ¢ = 6. Show the computations that lead to your answer.

8
(b) Use a trapezoidal sum with the four subintervals given by the table to approximate the value of %— .[0 E(t) dt.

8
Using correct units, explain the meaning of —;— .‘-0 E(t) dt interms of the number of entries.

(c) At 8 P.M., volunteers began to process the entries. They processed the entries at a rate modeled by the function
P, where P(t) = £ - 306> + 298¢ — 976 hundreds of entries per hour for 8 <1 < 12. According to the model,
how many entries had not yet been processed by midnight (¢ = 12) ?

(d) According to the model from part (c), at what time were the entries being processed most quickly? Justify

(09

your answer.
(@) E(6) = E-(Z;—}g@"@ = 4 hundred entries per hour 1 : answer
18 ' : .
(b) 3 .[o E(tydt = 1 : trapezoidal sum
3:< 1:approximation
E(0)+ E(2 E(2)+ E(5 E(5)+ E(7 E(7)+ E(8
1o B0 50, B0 B, BO150) , B0 E®) | ] )

=10.687 or 10.688

8
-;— .[o E(t) dt is the average number of hundreds of entries in the box

between noon and 8 P.M.

12 1 : integral
(©) 23— [, P()dt =23~16 = 7 hundred entries 2: { tmiegr
8 1 : answer
(d) P'(t) =0 when 7 =9.183503 and ¢ = 10.816497. 1 : considers P'(#) = 0
t | PO 3: 4 1:identifies candidates
8 0 1 : answer with justification

9.183503 | 5.088662
10.816497 | 2.911338
12 8
Entries are being processed most quickly at time # =12.

© 2010 The College Board.
Visit the College Board on the Web: www .collegeboard.com.



AP® CALCULUS AB
2009 SCORING GUIDELINES

Question b
X 2 3 5 .8 13
fxy| v | 4 | 2| 3 6

Let f be a function that is twice differentiable for all real numbers. The table above gives values of f for
selected points in the closed interval 2 £ x < 13.

(a) Estimate f'(4). Show the work that leads to your answer,

3
(b) Evaluate L: (3 — 5/7(x)) dx. Show the work that leads to your answer.

13
{c) Use a left Riemann sum with subintervals indicated by the data in the table to approximate Iz S(x) dx.

Show the work that ]eads to your answer.

(d) Suppose F'(5) =3 and f”(x) <0 for all x in the closed interval 5 < x < 8. Use the line tangent to
the graph of £ at x = 5 to show that f(7) < 4. Use the secant line for the graphof fon 5< x <8 to

show that f('f‘) > %

@ ra=-L810 . 5 L snswer
13 13 13
(b) L (3=5f(x))dx = L 3dx—5 jz F(x) dx 1 - uses Fundamental Theorem
=3(13-2)-5(7(13) - f(2)) =8 2: of Calculus
I : answer

@ [7r@a=r2)6-2)+ 10)5-3)
+ f(5)(8-5)+ f(B)(13-8) =18

[s*]

' { 1 : left Riemann sum
1 : answer

106

fa—ry

{d) An equation for the tangent line is y = -2 +3(x - 5). : tangent line
Since f”(x) < 0 forall x in the interval 5 < x < 8, the :shows f(7)<4
line tangent to the graph of y = f(x) at x = 5 lies above 419 1 secant line
the graph for all x in the interval 5 < x < 8. ‘ ] : shows f(7) 2 %1_

Therefore, f(7)<-2+3-2=4.

—_

An equation for the secant line is y = 2 + %(x - 35).

Since f”(x) < 0 forall x in the interval 5 < x < 8, the
secant line connecting (5, f(5)) and (8, f(8)) lies below
the graph of y = f(x) for all x in the interval 5 < x < 8.

4

Therefore, f(7)2 -2+ -g- -2 = 3

© 2009 The College Board. All rights reserved.
Visit the College Board on the Web: www.collegeboard.com.
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Question 2

t (hours) 0 1 3 4 7 8 G

L(t) (people) | 120 156 | 176 | 126 | 150 80 0

Concert tickets went on sale at noon (# = 0) and were sold out within 9 hours. The number of people waiting in
line to purchase tickets at time / is modeled by a twice-differentiable function L for 0 <¢ <9. Values of L(#) at
various times # are shown in the table above.

(a) Use the data in the table to estimate the rate at which the number of people waiting in line was changing at
5:30 P.M. (¢ = 5.5). Show the computations that lead to your answer. Indicate units of measure.

(b) Use a trapezoidal sum with three subintervals to estimate the average number of people waiting in line during
the first 4 hours that tickets were on sale.

(c) For 0 < ¢ <9, what is the fewest number of times at which L'(#) must equal 0 ? Give a reason for your answer.

(d) The rate at which tickets were sold for 0 < ¢ < 9 is modeled by »(¢) = 550te™"/? tickets per hour. Based on the
model, how many tickets were sold by 3 P.M. (7 = 3}, to the nearest whole number?

L(7) — I{4) _ 150126
7—4 3

- : estimat
(@) L/(5.5) ~ 5. {1 estimate

=8 1 hy
people per hour 1 - units

(b} The average number of people waiting in line during the first 4 hours is 5 1 : trapezoidal sum
approximately : " | 1: answer

_L(L(O) D gy HOLIO) gy HOVELE) 3))

44 2
=155.25 people
(¢) L is differentiable on [0, 9] so the Mean Value Theorem implies 1 : considers change in
L'(¢) > 0 for some ¢ in (1, 3) and some ¢ in (4, 7). Similarly, 3 sign of L'
L'(#) < 0 for some ¢ in (3, 4) and some ¢ in (7, 8). Then, since L' is | ~ | 1: analysis

L'(t) = 0 for at least three values of ¢ in [0, 9].

OR OR
The continuity of Z on {1, 4] implies that L attains a maximum value 1 : considers relative extrema
there. Since L(3) > L(1) and L(3) > L({4), this maximum occurs on 3 of L on (0, 9)
(1, 4). Similarly, L attains a minimum on (3, 7) and a maximum on "1 1: analysis
(4, 8). L is differentiable, so L'(¢) = 0 at each relative extreme point 1 : conclusion
on {0, 9). Therefore L'(¢) = 0 for at least three values of ¢ in [0, 9].
[Note: There is a function L that satisfies the given conditions with
L'(#) = 0 for exactly three values of t.]

3 .

@ j'o r(t) dt = 972.784 . { 1 : integrand
"1 1: limits and answer

There were approximately 973 tickets sold by 3 P.M.

© 2008 The College Board. All rights reserved.
Visit the College Board on the Web: www.collegeboard.com.
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AP® CALCULUS AB ,
2008 SCORING GUIDELINES (Form B)

Question 3

Distance from the
river’s edge (feet)

Depth of the water (feet) 0 7 8 2 0

0 8 | 14 | 22 | 24

A scientist measures the depth of the Doe River at Picnic Point. The river is 24 feet wide at this location.
The measurements are taken in a straight line perpendicular to the edge of the tiver. The data are shown
in the table above. The velocity of the water at Picnic Point, in feet per minute, is modeled by

v(t) =16 + 2sin(~z +10) for 0 < £ <120 minutes.

(a) Use a frapezoidal sum with the four subintervals indicated by the data in the table to approximate the

area of the cross section of the river at Picnic Point, in square feet. Show the computations that lead
to your answer. :

(b) The volumetric flow at a location along the river is the product of the cross-sectional area and the

(¢) The scientist proposes the function £, givenby f(x) = SSin(

velocity of the water at that location. Use your approximation from part (a) to estimate the average
value of the volumetric flow at Picnic Point, in cubic feet per minute, from r = 0 to + = 120
minutes.

zx
24

water, in feet, at Picnic Point x feet from the river’s edge. Find the area of the cross section of the
river at Picnic Point based on this model.

), as a model for the depth of the

(d) Recall that the volumetric flow is the product of the cross-sectional area and the velocity of the water

at a location. To prevent flooding, water must be diverted if the average value of the volumetric flow
at Picnic Point exceeds 2100 cubic feet per minute for a 20-minute period. Using your answer from
part (¢), find the average value of the volumetric flow during the time interval 40 < ¢ < 60 minutes.
Does this value indicate that the water must be diverted?

(a) (© ; 7) 8+ Y ;8) -6+ (8 ; 2) -8+ (2 ; 0 -2 1 : trapezoidal approximation
=115 fi?
1 120 i .
(b) 20 -[0 115v(¢) dt 1 : limits and average value
5/ . constant
= 1807.169 or 1807.170 */ min 309, .
1 :integrand
1 : answer
24 .
© | 85in(ﬂ) dr = 122.230 or 122231 2 2. { 1+ ntegral
0 24 1 : answer
(d) Let C be the cross-sectional area approximation from 1 : volumetric flow integral
part (c). The average volumetric flow is 3: 4 1:average volumetric flow
60 )
% LO C-v(t)dt = 2181.912 0r 2181.913 £*/ min. 1 : answer with reason
Yes, water must be diverted since the average volumetric flow
for this 20-minute period exceeds 2100 ft> / min.

© 2008 The College Board, All rights reserved.
Visit the College Board on the Web: www.collegeboard.com.
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Question 5

{
(uintes) 0 2 | s 7 | 11| 12
(1) s7 | 40 1201121 06| 05
(feet per minute)

The volume of a spherical hot air balloon expands as the air inside the balloon is heated. The radius of the
balloon, in feet, is modeled by a twice-differentiable function » of time ¢, where ¢ is measured in minutes,
For 0 < t < 12, the graph of » is concave down. The table above gives selected values of the rate of change,

r(t), of the radius of the balloon over the time interval 0 < ¢ < 12. The radius of the balloon is 30 feet when

t = 5. (Note: The volume of a sphere of radius r is givenby ¥ = -gim‘3.)

(a) Estimate the radius of the balloon when # = 5.4 using the tangent line approximation at + = 5. Is your
estimate greater than or less than the frue value? Give a reason for your answer.

(b) Find the rate of change of the volume of the balloon with respect to time when ¢ = 5. Indicate units of
measure.

(¢) Use aright Riemann sum with the five subintervals indicated by the data in the table to approximate
12 12 :
-[0 #'(¢) dt. Using correct units, explain the meaning of L] #'(¢) dt in terms of the radius of the

balloon.

: 12
(d) Is your approximation in part {c) greater than or less than -[0 r’(#) dt ? Give a reason for your answer.

(@) r(54)=r(5)+7r(5)Af =30+ 2(0.4) =308 ft ) { 1: estimate
Since the graph of r is concave down on the interval " | 1: conclusion with reason
5 <t < 5.4, this estimate is greater than »(5.4).
AV _ (4 o - 4
®) dth3(3)m dt -3:{2'@':
dr| 1 : answer

=730y 2 = 72007 It/ min
dt |i=s _

12 '
©) IO r(e) dt = 2(4.0) +3(2.0) + 2(1.2) + 4(0.6) +1(0.5) | { 1 : approximation
~193 f " | 1: explanation

12
J-o ¥'(¢) dt is the change in the radius, in feet, from

t = 0 to ¢t = 12 minutes.

(d) Since r is concave down, r” is decreasing on 0 < ¢ < 12. | 1: conclusion with reason
Therefore, this approximation, 19.3 ft, is less than

12
_[0 ¥ (¢) dt.

Units of ft° / min in part (b) and ft in part (c) 1 : units in (b) and (c)

© 2007 The College Board. All rights reserved.
Visit appentral.co]legeboard.com {for AP professionals) and www.collegeboard.com/apstudents (for students and parents).
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Question 3

Distance 0 1 5 6 8
x {cm) :
Temperature | 0 | gy 70 62 55
T(x) (°C) .

A metal wire of length 8 centimeters (cm) is heated at one end. The table above gives selected values of the temperature
T(x), in degrees Celsius (°C), of the wire x cm from the heated end. The function T is decreasing and twice

differentiable.
(a) Estimate 77(7). Show the work that leads to your answer. Indicate units of measure.

(b} Write an integral expression in terms of T(x) for the average temperature of the wire. Estimate the average temperature

of the wire using a trapezoidal sum with the four subintervals indicated by the data in the table. Indicate units of
measure.

. .8 8
() Find Io T’(x) dx, and indicate units of measure. Explain the meaning of Jo T'{x) dx in terms of the temperature of the

wire.
{d) Are the data in the table consistent with the assertion that 7"(x) > 0 for every x in the interval 0 < x < 8 ? Explain
¥our answor.

(2) T(Sg - 2(6) =33 3 62 _ —%°C/cm 1: answer

L 17 de 12 (P r(x) ac

® 3[7 N 5 [T
. 8 ' . i
Trapezoidal approximation for j T(x) dx: 1 trapezoidal sum
0 1: answer
_100+93 . 93470 ,  T0+62 . 62455
A= 5 1+ > 4+ 3 1+ 2 2
Average temperature = %A = 75.6875°C
8

© jo T'(x) dx = T(8) — T(0) = 55 — 100 = —45°C ). { 1: value

The temperature drops 45°C from the heated end of the wire to the 1 : meaning

other end of the wire.

. 70~93 .
(d) Average rate of change of temperature on [1, 5] is T = -5.75. 5. { 1 : two slopes of secant lines
. 62 — 70 " | 1 : answer with explanation
Average rate of change of temperature on {5, 6] is - -8.
No. By the MVT, T"(¢,) = —=5.75 for some ¢, in the interval (1, 5)
~and T"{c,) = ~8 for some ¢, inthe interval (5, 6). It follows that

T’ must decrease somewhere in the interval (¢;, ¢, ). Therefore T

is not positive for every x in |0, 8].
Units of °C/cm in (a), and °C in (b) and (c) 1 : units in (a), (b), and (c)

10

Copyright © 2005 by College Board. All rights reserved.
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Question 3
A test plane flies in a straight line with t (min) ol stiolisl20l25130]35]140
positive velocity v(#), in miles per W(r) (mpm) |7.0 | 92195 |70 |45 |24 (2.4 |43 |73

minute at time # minutes, where v is a

AP® CALCULUS AB
2004 SCORING GUIDELINES (Form B)

differentiable function of r. Selected
values of v(¢) for 0 < ¢ < 40 are shown in the table above.

(a)

Use a midpoint Riemann sum with four subintervals of equal length and values from the table to

40 :
approximate Io v(t) dt. Show the computations that lead to your answer. Using correct units,

40
explain the meaning of _[0 v(¢) dt in terms of the plane’s flight.

Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP stadents and parents).

(b) Based on the values in the table, what is the smallest number of instances at which the acceleration
of the plane could equal zero on the open interval 0 < ¢ < 40? Justify your answer.
' (¢) The function £, defined by f(z) = 6 + cos (%) + SSin(Z—é), is used to model the velocity of the
]
| plane, in miles per minute, for 0 < 7 £ 40. According to this model, what is the acceleration of the
plane at £ = 23 ? Indicates units of measure.
(d) According to the model 7, given in part (c), what is the average velocity of the plane, in miles per
minute, over the time interval 0 < ¢ < 407
{a) Midpoint Riemann sum is 1:w(5) +v(15) + v(25) + v(35)
10-v(5) + v(15) +v(25) + v(35)] 3: < 1:answer
=10[92+ 7.0+ 24+ 4.3] =229 1 : meaning with units
The integral gives the total distance in miles that the
plane flies during the 40 minutes.
(b) By the Mean Value Theorem, v'(¢} = 0 somewhere in 5, f 1 : two instances
the interval (0, 13} and somewhere in the interval 1 T:justilication
(25, 30). Therefore the acceleration will equal 0 for at
least two values of #.
(¢) f'(23) = —0.407 or —0.408 miles per minute 1 : answer with units
. 1 40 1 : limits
d) Average velocity = — tydt
@ S Ty -[0 /@) 3: 4 1:integrand
= 5.916 miles per minute 1 : answer

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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Question 3

The rate of fuel consumption, in gallons per minute, recorded during an airplane flight is given by a

twice-differentiable and strictly increasing function R
of time t. The graph of R and a table of selected
values of R(t), for the time interval 0 < £ <90

minutes, are shown above.

(a) Use data from the table to find an approximation

for R'(45). Show the computations that lead to

your answer. Indicate units of measure.

Rage of Fuel Consumption

fin

7
4
Sit

404

30
20
i1

1}

I
tinutesy

Riny
tpatlans per minutes

it
Et]
Eits
30
kil
it

ki
30
S
55
65
0

- s
I 2 20 40 50 6D 70 80 90
Fime

(b} The rate of fuel consumption is increasing fastest at time ¢ = 45 minutes. What is the value of
R"(45)? Explain your reasoning.
(c) Approximate the value of ﬁ) g R{#)dt using a left Riemann sum with the five subintervals indicated
0
by the data in the table. Is this numerical approximation less than the value of j;] ’ R(tydt ?
Explain your reasoning.
b
(d) For 0 < b < 90 minutes, explain the meaning of fo R(t)dt in terms of fuel consumption for the
plane. Explain the meaning of % J; ’ R(t)Ydt in terms of fuel consumption for the plane. Indicate
units of measure in both answers.
(a) R'(45) ~ R(5503 - 5{540) — 551—040 1 : a difference quotient using
5 numbers from table and
= 1.5 gal/min 9 .
’ interval that contains 45
1:1.5 gal/min?
(b) R"(45) = 0 since R'(t) has a maximum at ) 1: R"45) =0
t=45. " | 1:reason
90 1 : value of left Riemann sum
(© fﬂ R(t)dt ~ (30)(20) + (10)(30) + (10)(40) 5. _
1: “less” with reason
+(20)(55) + (20)(65) = 3700
Yes, this approximation is less because the
graph of R is increasing on the interval.
" . .
(d) j; R(t)dt is the total amount of fuel in 2 : meanings
. . . b
gallons consumed for the first b minutes. 1 : meaning of j; R(t)dt
3:

b
% j; R{t)dt is the average value of the rate of

fuel consumption in gallons/min during the

first b minutes.

1 : units in both answers
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Question 3
A blood vessel is 360 millimeters (mm}) long TFistance
with circular cross sections of varying diameter. D$ (mm) 0 G0 | 120 | 180 | 240 | 300 | 360
1ameter
The table above gives the measurements of the B(z) (mm) | 24 | 30 | 28 30 | 26 { 24 | 26

AP® CALCULUS AB
2003 SCORING GUIDELINES (Form B)

diameter of the blood vessel at selected points

along the length of the blood vessel, where % represents the distance from one end of the blood vessel and

B(z) is a twice-differentiable function that represents the diameter at that point.

(a) Write an integral expression in terms of B(z) that represents the average radius, in mm, of the

blood vessel between £ = 0 and = = 360.

19

(b) Approximate the value of your answer from part {a) using the data from the table and a midpoint
Riemann sum with three subintervals of equal Jength. Show the computations that lead to your answer.
275 2
(¢} Using correct units, explain the meaning of = f [Egl] dz in terms of the blood vessel.
125
(d) Explain why there must be at least one value z, for 0 < & < 360, such that B"(z) = 0.
1 p360B(z 1 : limits and constant
0 o= [ B g o
0 1 : integrand
1 B(60) = B(180) B(300 1: B(60) + B(180) 4 B(300
©) i1 B0 4 BUS) , B0))| [ 1 B60) + B80) + B300)
360 2 2 2 1 : answer
1
—[60(30+30+2431=14
360 (30 4 30 + 24)]
2 ) : 3
(c) B(z) is the radius, so ﬁ[im)] is the area of 1: volure in rom
2 2:1 1:between z = 125 and
the cross section at x. The expression iz the T = 275
volume in mm® of the blood vessel between 125
mm and 275 mm from the end of the vessel.
(d) By the MVT, B'(¢,) = 0 for some ¢ in EX explains why there are two

(60, 180) and B’(c;) = 0 for some ¢, in

(240, 360). The MVT applied to B'(z) shows

that B"(z) = 0 for some z in the interval

(cl, cz).

values of z where B/(z) has

the same value

: explaing why that means

B'(z) =0for 0 < x < 360

Note: max 1/3 if only explains why
B'(z) = 0 at some z in (0, 360).
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