Mokion ~ AP Nultple Choice

?8' 16. A partlcle moves along the x-axis so that at any time £2 0 its position is given by
x(t) = £ —3¢? —9¢+1. For what values of ¢ is the particle at rest?

(A) No values (B) 1 only (C) 3only (D) 5 only (E) land3

&S 28. [If the position of a particle on the x-axis at time 7 is —5¢2, then the average velocity of the particle
for 0<¢r<3 is

| (A) —45 B) -30 (© -15 ) -10 (E) -5

BS 11. The position of a particle moving along a straight line at any time ¢ is given by
s(ty=12 +4¢ + 4. What is the acceleration of the particle when ¢t =47

(A) 0 B) 2 . <€) 4 (D) 8 (E) 12

»

14, A particle moves along the x-axis so that its position at time ¢ is given by x(¢) = > -6t +5. For

what value of 7 is the velocity of the particle zero?

A 1 ®) 2 © 3 (D) 4 (E) 5

@Y 25. A particle moves along the x-axis so that at any time ¢ its position is given by x(t) =te=% . For what
e values of ¢ is the particle at rest?

(A) No values (B) Oonly (C) % only (D) 1only (E) Oand 1
_ 2

qg 24, The maximum acceleration attained on the interval 0 <t <3 by the particle whose velocity is given
by v() =12 =3¢ +12t+4 is

(A) 9 (B) 12 € 14 D) 21 (E) 40
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cz; 26. A particle moves along a line so that at time 7, where 0<7 < 7, its position is given by
s .

§(t) = —4cost ey +10. What is the velocity of the particle when its acceleration is zero?

; (A) -5.19 (B) 0.74 (C) 1.32 (D) 2.55 E) 8.13

Int

64 10 A point moves on the x-axis in such a way that its velocity at time ¢ (¢ > 0) is given by v = —
t

At what value of ¢ does v attain its maximum?

! -
A) 1 B) 2 © e (D) &2

(E) There is no maximum value for v.

12. The position of a particle moving along the x-axis is x(¢) =sin(2¢) —cos(3¢) for time # > 0.
& When ¢ = 7, the acceleration of the particle is

&) 9 @) % © 0 (D) —% ® -9

(A) Zero
(B) Three
(C) Five
(D) Six
(E) Seven




it

gq 35. At £=0 a particle starts at rest and moves along a line in such a way that at time 7 its acceleration

is 24¢% feet per second per second. Through how many feet does the particle move during the first
2 seconds?

— (A) - 32 (B) 48 (C) 64 D) 96 E) 192

: g 3. A particle with velocity at any time ¢ given by v() =¢' moves in a straight line. How far does the
particle move from ¢ =0 to r =27

83

(A) e ~1 B) e-1 (C) 2e D) &> (E) =3

! ?S 15. Tfthe velocity of a particle moving along the x-axis is w(f)=2¢ -4 and ifat £ =0 its position is 4,
’ QC then at any time ¢ its position x(¢) is

(A) -4 ®) FP-4-4 () F-M+4 D) 22—k (B) 27 —dt+4

43 8. Aparticle moves in a straight line with velocity v(7) = ¢2

. How far does the particle move between
times =1 and t =297

1 7 |
(A) 3 (B) 3 € 3 @y 7 (E) 8

?3 28. A point moves in a straight line so that its distance at time ¢ from a fixed point of the line is
8¢ —3¢%. What is the total distance covered by the point between =1 and f = 2?7
4

(A) 1 (B) (©)

®) 2 B 5

1 3
35 14. The velocity of a particle moving on a line at time 7 is v =32 4+ 52

ci : meters per second. How man
meters did the particle travel from =0 to t = 49 ° g

A 32 B) 40 (C) 64 D) 80 E) 184
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? j 11. Tl;e a.cce:leration of a particle moving along the x-axis at time ¢ is givenby a(f) =61—2 . If the
velocity is 25 when £ =3 and the position is 10 when ¢ =1, then the position x(¢) =

(A) 92 +1

(B) 32 -2¢+4
© F-+4146
D) ~r2+91-20

E) 36242 =771 455

?? 13. A particle moves along the x-axis so that its accelerat

velocity of the particle is 6, at what ti
right?

; ion at any time 7 is a(t)=2t—7 . If the initial
me ¢ during the interval 0<¢<4 is the particle farthest to the

R

(A) 0 (B) 1 © 2 D) 3 (E) 4

q 87. Attime t>0, the acceleration of a particle moving on the x-axis is a(t) =¢+sins. At 1 =0, the
' velocity of the particle is —2. For what value 7 will the velocity of the particle be zero?

(a) 1.02 (B) 148 (C) 185 (D) 2.81 (E) 3.14°

Questions 8-9 refer to the following situation.
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A bug begins to crawl up a vertical wire at time ¢ = 0. The velocity v of the bug at time ¢,
0<¢<8,is given by the function whose graph is shown above.

ﬁ 8. At what value of ¢ does the bug change direction?

(A) 2 - B 4 © 6 o) 7 (E) 8

?; 9.  What is the total distance the bug traveled from 1 =0 to =87

(A) 14 ®) 13 ©) 11 @) 8 E) 6 8\ l




A particle starts from rest at the point (2,0) and moves along the x-axis with a constant positive
acceleration for time ¢ = 0. Which of the following could be the graph of the distance s(f) of the
particle from the origin as a function of time ¢ ?

(A)

A particle moves along the x-axis so that at any time #> 0 the acceleration of the particle is

= . o : S | . ..
at)=¢ Ifat 1 =0 the velocity of the particle is g and its position is —?-, then its position at
(.'.

A

==

any time ¢ >0 is x(¢) =

-2t

(4
A) ——143 .
(A) 5
—2¢
e
B) —+4
®) 4
©) 4e2:244 L
2 4
e 15

D) ——+3t+—
®) 2 4

(E) e—4~+3:+4




t (sec) 01246
a() (frisec®y | 5| 2|83

€ 1. The data for the acceleration a(t) of a car from 0 to 6 seconds are given in the table above. If the

&

velocity at ¢ =0 is 11 feet per second, the approximate value of the velc?city at t =6, computed
using a left-hand Riemann sum with three subintervals of equal length, is

(A) 26 ft/sec B) 30ft/sec (C) 37 ft/sec D) 39ftsec (E) 41 ft/sec

qa' 10. A particle moves on a plane curve so that at any time >0 its x-¢oordinate is > —¢ and its

y-coordinate is (21‘ - 1)3. The acceleration vector of the particle at £ =1 is

A (0.1) ® (2.3) ©) (2.6) D) (6,12) (B) (6,24)

A particle moves along the curve xy =10. If x =2 and -g{- =3, what is the value of %?

5 6 4 6
(A) B ®) -3 © 0 (D) 3 B 3

A particle moves on the curve y=Inx so that the x-component has velocity x'(f)=¢+1 for 12 0.

&
8

A3

Attime =0, the particle is at the point (1,0). Attime ¢ =1, the particle is at the point
L
,In J

@ (Zh2) ®) [e‘,z) (©) (

3.3
D) (3,In 3) (E) [E’ ]nEJ

2 th
2| th

35. At¢=0 aparticle starts at rest and moves along a line in such a way that at time ¢ its acceleration

is 2417 feet per second per second. Through how many feet does the particle move during the first
2 seconds?

(A) 32 B) 48 O © 64 D) 96 E) 192

AN



¥€ 12. A particle travels in a straight line with a constant acceleration of 3 meters per second per second.

If the velocity of the particle is 10 meters per second at time 2 seconds, how far does the particle
travel during the time interval when its velocity increases from 4 meters per second to 10 meters
per second? '

(A) 20m (B) 14m (C) 7m (D) 6m (E) 3m

Int

64 19. Apointmoves on the x-axis in such a way that its velocity at time £ (¢> 0) is given by v= -

@

At what value of # does v attain its maximum?

1 3

(A) 1 B) e? (C) e (D) &2

(E) There is no maximum value for v.
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V(1)
4

3"_“ Graph of v

4. A particle moves along the x-axis so that its velocity at time £, for 0 < r < 6, is given by a differentiable
function v whose graph is shown above. The velocityis Gat 1 = 0, £ = 3, and ¢ = 5, and the graph has
horizontal tangents at # = 1 and ¢ = 4. The areas of the regions bounded by the -axis and the graph of v on
the intervals [0, 3], [3, 5], and {5, 6] are 8, 3, and 2, respectively. At time ¢ = 0, the particle is at x = 2.

(a) For 0 1 <6, find both the time and the position of the particle when the particle is farthest to the left.
Justify your answer.

(b) For how many values of t, where 0 < ¢ < 6, is the particle at x = —.8 ? Explain your reasoning.

(c) Ontheinterval 2 < ¢ < 3, is the speed of the particle increasing or decreasing? Give a reason for your
answer.

(d) During what time intervals, if any, is the acceleration of the particle negative? I ustify your answer,

4, A particle moves along the x-axis with velocity at time ¢ 2 0 given by v(t) = =1 + &,

(a) Find the acceleration of the particle at time ¢ = 3.

(b) Is the speed of the particle increasing at time ¢ = 37 Give a reason for your answer.
(c) Find all values of ¢ at which the particle changes direction. Justify your answer.

(d) Find the total distance traveled by the particle over the time interval 0 < 7 < 3.

915 AND



1. For 0 <1t < 6, a particle is moving along the x-axis. The particle’s position, x{t), is not explicitly given.

Lo\
The velocﬂ,y of the particle is given by v(z) = Zsm( o/ 4) + 1. The acceleration of the particle is given by

a(t) = r”cos( "M) and x(0) = 2.
(a) Is the speed of the particle increasing or decreasing at time ¢ = 5.5 ? Give a reason for your answer.

(b) Find the average velocity of the particle for the time period 0 < ¢ £ 6.
(c) Find the total distance traveled by the particle fromtime ¢ =0 to ¢ = 6.
(d) For 0 < ¢ < 6, the particle changes direction exactly once. Find the position of the particle at that time.

-9
6. Two particles move along the x-axis. For 0 < 1 < 6, the position of particle P at time ¢ is given by

plt) = ZCOS(Z ), while the position of particle R at time # is given by r(#) = £ —6t% +9+3.

(a) For 0 < ¢ < 6, find all times ¢ during which particle R is moving to the right.

(b) For 0 <t < 6, find all times ¢ during which the two particles travel in opposite directions.

(c) Find the acceleration of particle P at time ¢ = 3. Is particle P speeding up, slowing down, or doing neither
at time ¢ = 3 ? Explain your reasoning.

(d) Write, but do not evaluate, an expression for the average distance between the two particles on the interval

1<1<3.
~
F 3
ol @220 (7, 20)
10] (16, 10)

(18, 10)

(10, -10) (14, -10)

lo.(b Graph of v

4. A .sql}irrel starts at building A at time ¢ = 0 and travels along a straight, horizontal wire connected to
building B. For O € ¢ < 18, the squirrel’s velocity is modeled by the piecewise-linear function defined
by the graph above.

(a) At what times in the interval 0 < ¢ < 18§, if any, does the squirrel change direction? Give 4 reason
for your answer. '

(b) At what time in the interval 0 £ ¢ < 18 is the squirrel farthest from building A ? How far from
building A is the squirrel at that time?

(¢) Find the total distance the squirrel travels during the time interval 0 < £ < 18.

(d) Write expressions for the squirrel’s acceleration a(z), velocity v(¢), and distance x(t} from
building A that are valid for the time interval 7 < ¢ <10

M6 | alb




3. A particle moves along the x-axis s
v(t) =In (t2 -3t + 3). The particle is at position x = 8 attime ¢t =

o that its velocity v at time £, for 0<: <5, isgiven by
0.

(a) Find the acceleration of the particlé attime ¢t = 4.

(b) Find all times ¢ in the open interval 0 < £ < 5 at which the particle changes direction. During which time

intervals, for 0 < ¢ £ 5, does the particle travel to the left?

(c) Find the position of the particle at time ¢ = 2.

(d) Find the average speed of the particle over the interval 0 < ¢ £ 2.

2-A

2. A particle moves along the x-axis so that its velocity at time ¢ is given by
;2
v(it) = =@ +1) sin(T).

At time ¢ = 0, the particle is at position x = 1.

tion of the particle at time ¢ = 2. Is the speed of the particle increasing at £ = 27 Why or

(a) Find the accelera
why not?
(b) Find all times ¢ in the open interval 0 < ¢ < 3 when the particle changes direction. Justify your answer.

(c) Find the total distance traveled by the particle from time ¢ = 0 until time ¢ = 3.

(d) During the time interval 0 < < 3, what is the greatest distance between the particle and the origin? Show

the work that leads to your answer.

A

3. An object moves along the x-axis with initial position x(0) = 2. The velocity of the object at time ¢ 2 0

is given by v(f} = sm( -§~t )

(a) What is the acceleration of the object at timet = 47
(b) Consider the following two statements.

Statement I: For 3 < t < 4.5, the velocity of the object is decreasing.
Statement IL: For 3 < t < 4.5, the speed of the object is increasing.

Are either or both of these statements correct? For each statement provide a reason why it is correct or not
correct.

(c) What is the total distance traveled by the object over the time interval 0 < ¢ € 47
(d) What is the position of the object at time ¢ = 47 -

A art



B éc) 0 | 15 | 25 | 30 | 35| 50 | 60
v(t) '

(#tsec) 20 | 30 | 20 [ —14 | -10| 0 | 10
a(t) |

( f /Secz) : 1 5 2 1 2 4 2

6. A car travels on a straight track. During the time interval 0 < ¢ < 60 seconds, the car’s velocity v, measured in

feet per second, and acceleration @, measured in feet per second per second, are continuous functions. The table
above shows selected values of these functions.

60
(a) Using appropriate units, explain the meaning of Jso [v(t)| dt in terms of the car’s motion. Approximate

60
-[30 [v(t)] dr using a trapezoidal approximation with the three subintervals determined by the table.

30
{(b) Using appropriate units, explain the meaning of J.o a(t) dt in terms of the car’s motion. Find the exact
30
lue of 1) dt,
value o jo a(t) dr

(c¢) For 0 <t < 60, must there be a time ¢ when v(¢) = =5 7 Justify your answer.

(d) For 0 <? < 60, must there be a time ¢ when a(z) = 0 ? Justify your answer.

144)]
I

' (4, 20) (16, 20)
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o\

4 8 12 16 20 24
Time (seconds)

i~

5-A
5. A car is traveling on a straight road. For 0 < # < 24 seconds, the car’s velocity v(¢), in meters per second, is
modeled by the piecewise-linear function defined by the graph above.

24 . . 2
(a) Find _[ v(t) dt. Using correct units, explain the meaning of Jo v(#) dt.
0

(b) For each of v’(4) and v'(20), find the value or explain why it does not exist. Indicate units of measure.

(c) Let a(t) be the car’s acceleration at time #, in meters per second per second. For 0 < ¢ < 24, write a
piecewise-defined function for a(t).

(d) Find the average rate of change of v over the interval 8 < ¢ < 20. Does the Mean Value Theorem guarantee
a value of ¢, for 8 < ¢ < 20, such that v'(¢) is equal to this average rate of change? Why or why not?

El;



o(t)
90 t v(t)
80 (seconds) | (feet per second)
B
70 N 0 0
T o / 5 12
; zg { 10 20
g 0 7 15 30
S8 40 , 20 55
£ 30 25 70
20 ' 30 78
NN 35 81
| 40 75
| O 75 10 15 20 25 30 35 40 45 50 45 60
- q 50 72
' g Time {seconds)

| 3. The graph of the velocity v(t), in ft/sec, of a car traveling on a straight road, for 0 < t < 50,

' is shown above. A table of values for v(t), at 5 second intervals of time ¢, is shown to the right,

of the graph.

(2) During what intervals of time is the acceleration of the car positive? Give a reason for
yOur answer.

(b) Find the average acceleration of the car, in ft/sec?, over the interval 0 < ¢ < 50.

(c) Find one approximation for the acceleration of the car, in ft/sec?, at t = 40. Show the

computations you used to arrive at your answer.
50
(d) Approximate v(t) dt with a Riemann sum, using the midpoints of five subintervals of

equal length. Using correct units, explain the meaning of this integral.

t
(seconds) o | 10 |40]60
: B(1) 00| 1361 9 | 49
(meters)
v(r) 2012312546

{mefers per second)

“% 5. Benrides a unicycle back and forth along a straight east-west track. The twice-differentiable function B models
Ben's position on the track, measured in meters from the western end of the track, at time ¢, measured in :
seconds from the start of the ride. The table above gives values for B(t) and Ben’s velocity, v(f}, measured in

meters per second, at selected times ¢,
(a) Use the data in the table to approximate Ben’s acceleration at time f = 5 seconds. Indicate units of measure.

. 60
(b) Using correct units, interpret the meaning of Io |v(z)| dt in the context of this problem. Approximate
60
_[0 |v(2)| dt using a left Riemann sum with the subintervals indicated by the data in the table.

(c) For 40 < ¢ £ 60, must there be a time ¢ when Ben’s velocity is 2 meters per second? Justify your answer.

} {(d) A lightis directly above the western end of the track. Ben rides so that at time ¢, the distance L(t) between
Ben and the light satisfies (L(z))* = 122 + (B(z))*. At what rate is the distance between Ben and the light
changing at time t = 40 ?

A A



i
{seconds)

Vo) 3|5 |-10|-8]|-4]7
{meters per second)

6 The velocity of a particle moving along the x-axis is modeled by a differentiable function v, where the pos1t10n x
is measured in meters, and time 7 is measured in seconds. Selected values of v(z) are given in the table above.

The particle is at position x = 7 meters when ¢ = 0 seconds.

(a) Estimate the acceleration of the particle at £ = 36 seconds. Show the computatlons that lead to your answer.
Indicate units of measure.

(b) Using correct units, explain the meaning of _{ ) dt in the context of this problem. Use a trapezoidal sum

40
with the three subintervals indicated by the data in the table to approximate Jzo v(t) dr.

(c) For 0 < ¢ < 40, must the particle change direction in any of the subintervals indicated by the data in the
table? If so, identify the subintervals and explain your reasoning. If not, explain why not.

(d) Suppose that the acceleration of the particle is positive for 0 < ¢ < 8 seconds. Explain why the position of
the particle at 1 = 8 seconds must be greater than x = 30 meters.

Lo 0 10 | 20 | 30 | 40 | s0 | 60 | 70 | 80
(seconds)

V() 5 4 | 21 20 | 35 | a0 | 44 | 47 | 49
(feet per second)

’ 6— k .
4, Rocket A has positive velocity v(¢) after being launched upward from an initial height of O feet attime ¢t = 0
seconds. The velocity of the rocket is recorded for selected values of ¢ over the interval 0 £t < 80 seconds, as

shown in the 1able above,

(a) Find the average acceleration of rocket A over the time interval 0 <z < 80 seconds. Indicate umits of
measure.

(b} Using correct units, explain the meaning of j v(t) dt in terms of the rocket’s flight. Use a midpoint

70
Riemann sum with 3 subintervals of equal length to approximate _[ o v(z) dt.
(c) Rocket B is launched upward with an acceleration of a() = —J?_?Lﬁ feet per second per second. At time

¢ = 0 seconds, the initial height of the rocket is O feet, and the initial velocity is 2 feet per second. Which of
the two rockets is traveling faster at time ¢ = 80 seconds? Explain your answer. -

220 520



126)]

-1+

q B . . . . 2
2. A particle moves along the x-axis so that its velocity v attime 7 2 0 is given by v(t) = sin (t ) The graph of v

is shown above for 0 < ¢ < V57 The position of the particle at time ¢ is x(¢) and its position at time 7 = 0 is
x(0) = 5.

{a) Find the acceleration of the particle at time ¢ = 3.

(b) Find the total distance traveled by the particle from time 1 = 0 to ¢t = 3.
(c) Find the position of the particle at time ¢ = 3.

(d) For 0 < ¢ < v/57, find the time  at which the particle is farthest to the right. Explain your answer.

z-8
3. A particle moves along the x-axis so that its velocity v at any time 7, for 0 < 7 < 16, is given by
V(1) = e*! _ 1 Attime ¢ = 0, the particle is at the origin.

(2) On the axes provided, sketch the graph of w(z) for 0 < 7 < 186.
(Note: Use the axes provided in the test booklet.)

v(£)

44

-8+

(b} During what intervals of time is the particle moving to the left? Give a reason for your answer.
(¢) Find the total distance traveled by the particle from ¢t = 0 to ¢ = 4

(d) Is there any time ¢, 0 < ¢ < 16, at which the particie returns to the origin? Jﬁstify your answer,

1\ 42|



v(t)
{\
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014
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B4-k
1. Caren rides her bicycle along a straight road from home to school, starting at home at time ¢ = O minutes and

arriving at school at time ¢ = 12 minutes. During the time interval 0 < £ < 12 minutes, her velocity v(z), in
miles per minute, is modeled by the piecewise-linear function whose graph is shown above.

(a) Find the acceleration of Caren’s bicycle at time ¢ = 7.5 minutes. Indicate units of measure.

12
(b) Using correct units, explain the meaning of Io |v(2)| dr in terms of Caren’s trip. Find the value of

I;zlv(t)[ dr.

(c) Shortly after leaving home, Caren realizes she left her calculus homework at home, and she returns to get it.
At what time does she turn around to go back home? Give a reason for your answer.

(d) Larry also rides his bicycle along a straight road from home to school in 12 minutes. His velocity is modeled
by the function w given by w(t) = %sin (—1% t), where w(z) is in miles per minute for 0 = ¢ = 12 minutes.

Who lives closer to school; Caren or Larry? Show the work that leads to your answer.

4-h
3. A particle moves along the y-axis so that its velocity v at time ¢ > 0 is given by v(f) = 1 - tan~* (e‘). At time
t = 0, the particle is at y = —1. (Note: tan~! x = arctanx)
(a) Find the acceleration of the particle at time ¢ = 2.
(b) Is the speed of the particle increasing or decreasing at time 7 = 2 7 Give a reason for your answer.
(c) Find the time ¢ = 0 at which the particle reaches its highest point. Justify your answer.

(d) Fipc% the position of the particle at time ¢ = 2. Is the particle moving toward the origin or away from the
origin at time ¢ = 2 ? Justify your answer.

RN 29
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00
2. Two runmers, A and B, Tun on a straight racetrack for 0 < ¢ < 10 seconds. The graph above, which consists of
two line segments, shows the velocity, in meters per second, of Runner A. The velocity, in meters per second, of

| Runner B is given by the function v defined by v(¢) = % .

(a) Find the velocity of Runner A and the velocity of Runner B attime ¢ = 2 seconds. Indicate units of
measore,

(b) Find the acceleration of Runner A and the acceleration of Runner B at time ¢ = 2 seconds. Indicate units
of measure.

{c) Find the total distance run by Runner A and the total distance run by Runner B over the time interval
0 < 1 < 10 seconds. Indicate units of measure.

g

q}{\ 4. A particle moves along the x-axis with position at time ¢ given by x(t) = e "sint for 0< 2 < 27

(2) Find the time ¢ at which the particle is farthest to the left. Justify your answer.

{b) Find the valuc of the constant A forwhich—x{s}-satisfiesthe-equation AX"() -+ (1) + x(£) = 0

for 0 <1 < 2nm.

| i -axi Jocity of the particle at time 7 is given by
\,\\’R“& For 0 < r < 12, a particle moves along the x-axis. The velocity P

vt} = cos(%t). The particle is at position x = -2 attime t =
left?

0.

(a) For 0 <1 <12, when is the particle moving to the

i i i icle from
an integral expression that gives the total distance traveled by the particle

(b) Write, but do not evaluate,
time t = 0 totime ¢ = 6.

(¢) Find the acceleration of the partic]te at time . Is
time ¢ = 4 7 Explain your reasonimg.

the speed of the particle increasing, decreasing, or neither at

(d) Find the position of the particle at time 7 = 4,

A 223
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6

Graph of ¥

A particle moves along the x-axis so that its velocity at time ¢, for 0 £ # £ 6, is given by a differentiable
function v whose graph is shown above. The velocityisOat 1 =0, ¢ =3, and ¢ = 5, and the graph has
horizontal tangents at ¢ = 1 and # = 4. The areas of the regions bounded by the #-axis and the graph of v on
the intervals [0, 3], [3, 5], and [5, 6] are 8, 3, and 2, respectively. At time ¢ = 0, the particle is at x = 2.

(a) For 0 £t £ 6, find both the time and the position of the particle when the particle is farthest to the left.
Justify your answer.

(b) For how many values of #, where 0 < ¢ < 6, is the particle at x = —8 ? Explain your reasoning.

(c) Onthe interval 2 < ¢ < 3, is the speed of the particle increasing or decreasing? Give a reason for your
answer.

(d) During what time intervals, if any, is the acceleration of the particle negative? Justify your answer.

(a) Since v(f) <0 for 0 <t <3 and 5<1¢ <6, and v(¢) > 0 1 :identifies ¢ = 3 as a candidate
: - - 6
for 3 <t <5, weconsider f =3 and r = 6. 311 - considers JO W(t) dt

3
x(3)= 2+ jo v(t)dt =-2-8=-10 1 : conclusion

ges

[
x(6)= -2+ jovmdr=-2-s+3—2=—9

Therefore, the particle is farthest left at time # = 3 when
its position is x(3) = —10.

{b) The particle moves continuously and monotonically from. 1 :positionsat £ =3, £ =5,
x(0) = -2 to x(3) = —10. Similarly, the particle moves and? =6 '
continuously and monotonically from x(3) = -10 to 3 1 : description of motion
x(5) = =7 and also from x{5) = =7 to x(6) = —9. I : conclusion

By the Intermediate Value Theorem, there are three values
of ¢ for which the particle is at x(¢) = -8,

(c) The speed is decreasing on the interval 2 < f < 3 sinceon | 1: answer with reason
this interval v < 0 and v is increasing.

(d) The acceleration is negative on the intervals 0 < ¢ <1 and { 1: answer

4 < f < 6 since velocity is decreasing on these intervals. 11 - justification

© 2008 The College Board. All rights reserved.
Visit the College Board on the Web: www.collegeboard.com.
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Question 4

A particle moves along the -axis with velocity at time £ > 0 given by v(f) = -1+ €.
(a) Find the acceleration of the particle at time ¢ = 3.

(b) Is the speed of the particle increasing at time ¢ == 37 Give a reason for your answer.
(c) Find all values of ¢ at which the particle changes direction. Justify your answer.
(

d} Find the total distance traveled by the particle over the time interval 0 < ¢ £ 3.

(a) a{t) = v'(t) = —€ . 1:4'(%)
a(3) = —e* | 1:a3)
(b) a(3)< 0 1 : answer with reason

¥3)=~1+e? <0
Speed is increasing since v(3) < 0 and a(3) < 0.

(¢) w(t) =0 when 1=¢€"",580 { = 1. 1: solves v(t) = 0 to
get t =1
vt) >0 for £ <1 and v(t) <0 for t > 1. 1 : justifies change in
Therefore, the particle changes direction at ¢ = 1. ~ direction at ¢t =1
(d) Distance = L 3|'v(t)|dt L ?imits
s s 1 : integrand
= J; (—1+e™)dt+ ‘L (1—e)dt 4 1 : antidifferentiation
— (—t — et !(1]) + (t 4t E ) 1 : evaluation
=(-1-1+e)+(3+e*—-1—1)
=e4e?—1
OR OR
() = —t — 't [ 1: any antiderivative
z(0) = —e 1 : evaluates z(t) when
(1) = —2 _ t=0,13
#(3)=—e2-3 £ 1 : evaluates distance
Distance = {z(1) —z(0)) + {z(1) — z(3)) between points
= (-2+¢e)+(1+e?) 1 : evaluates total distance
—et+e?-1 -

Copyright © 2003 by College Entrance Examination Board. Al rights reserved.
Available at apcentral.coliegeboard.com.

5

AAD
AR



'AP°® CALCULUS AB
2011 SCORING GUIDELINES

Question 1
For 0 < ¢ < 6, aparticle is moving along the x-axis. The particle’s position, x(), is not explicitly given.
The velocity of the particle is given by v(#) = 2sin (e’/ 4) + 1. The acceleration of the particle is given by
a(t) = —:12—63’/4 cos(e’“) and x(0) = 2.

(a) Is the speed of the particle increasing or decreasing at time ¢ = 5.5 ? Give a reason for your answer.

(b) Find the average velocity of the particle for the time period 0 < ¢ < 6.
(c) Find the total distance traveled by the particle from time 7 = 0 to ¢ = 6.
(d) For 0 =<7 <6, the particle changes direction exactly once. Find the position of the particle at that time.

(@) v(5.5) = -0.45337, a(5.5) = ~1.35851 2 : conclusion with reason

The speed is increasing at time ¢ = 5.5, because velocity and
acceleration have the same sign.

6 1 : integral

(b) Average velocity = %."o v(t) dt =1.949 : 2: L ;I;:vir

PN O e o _{1:integral

Ty DISEnce = JO [V Ner=12.37> A 1 1 : answer
(d) v(t) =0 when ¢ = 5.19552. Let b = 5.19552. 1 : considers v(¢) = 0

v(t) changes sign from positive to negative at time ¢ = 5. 3: 4 1:integral

1 : answer

b
x(B) = 2+ [ ¥(r) dt =14.134 or 14.135

© 2011 The College Board.
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1 Question 6

time ¢ = 37 Explain your reasoning.

{a) For 0 <t <6, find all times ¢ during which particle R is moving to the right.
{(b) For 0 <¢ < 6, find all times ¢ during which the two particles travel in opposite directions.
{c) Find the acceleration of particle P attime ¢ = 3. Is particle P speeding up, slowing down, or doing neither at

2010 SCORING GUIDELINES (Form B)

Two particles move along the x-axis. For 0 < ¢ < 6, the position of particle 2 at time ¢ is given by

plt) = Zcos(%t), while the position of particle R at time ¢ is given by r(¢) = P -6+ 9 +3.

(d) Write, but do not evaluate, an expression for the average distance between the two particles on the interval

1<¢53.

@ #()=3%"-12+9=30¢-1){1-3) 2,{1 7 (t)
F(t)=0whent=1and =3 " | 1: answer
F(t)>0 for0<t<land 3<i<6
F(#)y<0forl<t<3

Therefore R is moving to the right for 0 < <1 and 3< ¢ <6.

b)) p)y=-2- Esin(ﬁt)

4 4
pP#)=0whent=0andr=4

Plry<0for0<t<4
plty>0ford<t<b

j 3<t <4 ‘

@ pl(ty=-2 -%-%cos(%t)
@ ~-f5f ol

P3)<0
Therefore particle P is slowing down at time 7 = 3.

@ 1oty -]

© 2010 The College Board.
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1: p(1)
1 : sign analysis for p’(¢)
1: answer

1: p”(3)
1 : answer with reason

1 : integrand
1 : limits and constant
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Question 4

A squirre] starts at building 4 at time # = 0 and travels along a
straight wire connected to building B. For 0 < ¢ <18, the
squirrel’s velocity is modeled by the piecewise-linear function
defined by the graph above, 10 ' ue, “’)(m o
(a) At what times in the interval 0 < ¢ < 18, if any, does the Mo e /

squirrel change direction? Give a reason for your answer, 24 8 B AN R
(b) At what time in the interval 0 < 7 < 18 is the squirrel -1 L RETOR PR

farthest from building 4 ? How far from building 4 is the Graphat v

squirrel at this time?
{c) Find the total distance the squirrel travels during the time interval 0 < ¢ <18,

(d) Write expressions for the squirrel’s acceleration &(#), velocity v(z), and distance x(z) from building 4 that
are valid for the time interval 7 < ¢ < 10.

(2,200 (7,20

r

(a) The squirrel changes direction whenever its velocity changes sign. 5. 1: ¢-values
This occursat # =9 and # =15. ' 1 :exp]_anaﬁon
(b) VelocityisOatz=0, £ =9, and 7 = 15. ). { 1 : identifies candidates
t position at time ¢ 1: answers
010
9 9—;5 120 = 140
15 | 140 - 6?-10:90
18 | 90 + 3;2 10 =115

The squirrel is farthest from building A attime 1 = 9;
its greatest distance from the building is 140.

(c} The total distance traveled is J-;B|v(t)| dt =140+ 50 + 25 = 215, 1: answer
(d) For7<t<10, a(t)= Eg_f__(‘l'_éo) =-10 . 1:a(r)
: 4:<1:v(¢t)
V(t) =20- IO(t - 7) =—10¢ + 90 2 X(f)
#(T) = %-zo =120

x(t) = x(7) + L’(-wu +90) du

u=i

=120 + (--5u2 + 90u)

U=

= -5t 4+ 907 — 265

©® 2010 The College Board. 4 Q%
g i} 3 Visit the College Board on the Web: www.coliegeboard.com.
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Question 3

(a) Find the acceleration of the particle at time ¢ = 4.

(b) Find all times ¢ in the open interval 0 < ¢ < 5 at which the particle changes direction. During which
time intervals, for 0 < ¢ <5, does the particle travel to the left?

(¢) Find the position of the particle at time ¢ = 2.
(d) Find the average speed of the particle over the interval 0 <¢ < 2.

v(r) = In{#? — 3¢ + 3). The particle is af position x = 8 at time ¢ = 0.
p

A particle moves along the x-axis so that its velocity v at time £, for 0 < ¢ < 5, is given by

(@ a(4)=1(4)= % 1 : answer
1 ) v(r)=0 1:setsv(z) =0
' 2 _3%+3=1 3:< 1:direction change at £ = 1, 2
2 _342=0 1 : interval with reason
(t=2)(r=1)=0
t=12
v(t)>0for0<zt<1
vit)<0forl<t<2
v(t)>0 for2<t<5
The particle changes direction when £ =1 and ¢ = 2.
The particle travels to the left when 1 < 7 < 2.
© s()=5(0)+ ['In(s? - 3u +3) du t: [Pin(u? - 3u+3) du
0 0
5 . e .
s(2) =8+ J' In (u2 3+ 3) e 1 : handles initial condition
0 1 : answer
= 8.368 or 8.369
(d) 1 Izlv(t)l dt = 0.370 or 0.371 1 : integral
5 ko =0. . 5. { s integ
1 : answer

AN

Copyright © 2005 by College Board. All rights reserved.
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Question 2

E A particle moves along the z-axis so that ifs velocity at time ¢ is given by
| . (£
v(f) = — (1 + 1)3111{5].

At time £ = 0, the particle is at position ¢ = 1.

(2} Find the acceleration of the particle at time £ = 2. Is the speed of the particle increasing at ¢ = 27
Why or why not?

| (b) Find all times ¢ in the open interval 0 < ¢ < 3 when the particle changes direction. Justify your
AnSWer.

. {c) Find the total distance traveled by the particle from time ¢ = 0 until time ¢ = 3.

! (d) During the time interval 0 < t < 3, what is the greatest distance between the particle and the

origin? Show the work that leads to your answer.

(a) a(2) = v/(2) = 1.587 or 1.588 1: a(2)
v(2) = —3sm(2) < 0 2.1 1: speed decreasing
. Speed is decreasing since a(2) > 0 and v(2) < 0. with reason
? 1: ¢t =~/2r onl
) (b) o) = 0 when LA 9 . i
2 1: justification

t = V27 or 2.506 or 2.507
Since v(t) < 0 for 0 <t < V27 and () > 0 for
21 < t < 3, the particle changes directions at

t=27.
3 C
(c) Distanco = [ [o(t)|d = 4.333 or 4.334 L: limits
3:41: integrand
1: answer
@ fﬁ{r o(t)d = -3.265 [ 1: + (distance particle travels
0 = 2: while velocity is negative)
:1:( v 2’”) = z(0) + L o(t)dt = —2.265 1: answer

Since the total distance from t =0 to t =3 is
4.334, the particle is still to the left of the origin
at ¢ = 3. Hence the greatest distance from the
origin is 2.265.

: Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral .collegeboard.com.
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Question 3
An object moves along the z-axis with initial position z(0) = 2. The velocity of the object at time ¢ > 0 is given
by w(t)y = sin(%t).
(a) What is the acceleration of the object at time t = 47
(b} Consider the following two statements.
Statement I:  For 3 <t < 4.5, the velocity of the object is decreasing.
Statement II:  For 3 < £ < 4.5, the speed of the object is increasing.
Are either or both of these statements correct? For each statement provide a reason why it is correct or not
correct.
{¢) What is the total distance traveled by the object over the time interval 0 < ¢ < 47
(d) What is the position of the object at time ¢ = 47

1 : answer

——

= _% or —0.523 or —0.524

(b) On 3 <t <45: 1: I correct, with reason
T 7
a(t) = v'(t) = -S-cos(-g-t) <0 3 {1 1: II correct
Statement I is correct since a(t) < 0. 1: reason for II
Statement II is correct since »(t) < 0 and
a(ty < 0.
. ) i
{c) Distance = j;] [v(t)[dt = 2.387 _ limits of 0 and 4 on an integral
OR of u(t) or |v(t)|
z(t) =—%cos(%t)+%+2 LE or
2(0) = 2 uses ¢(0) and z(4) to compute
9 distance
7(4) = 2+ — = 3.43239 3 ] -
2% 1: handles change of direction at

u(t) =0 when ¢ =3 student’s turning point

6
2(3) = — +2 = 3.90086 1: answer
|2(3) — 2(0)] + |=(4) — =(3)] = 5 9.387 0/1 if incorrect turning point or
2m 10 turning point
4 (1. i
(d) z(4) = z(0) + f v(f) dt = 3.432 9 | 1: integral
0
1: answer
OR OR
3 ™ 3 [ 3 T
t) = —— —1 -4 2 . e —
s(t) = —cos(Tt) + =+ Lo a{t) = —Zcos(Tt)+C
z(4) = 2+ 3 3.439 2 {1: answer
2

0/1 if no constant of integration

Copyright © 2002 by College Entrance Examination Board. All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board,
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Question 6
(séc) o | 15| 25 | 30 | 35 | s0 | 60
") 20 | <30 | =20 | -14 | <10 ] o | 10
(ft /sec)
a(t)
(8 sec?) 1 5 2 1| 2| 4|2

A car travels on a straight track. During the time interval 0 € ¢ < 60 seconds, the car’s velocity v, measured in
feet per second, and acceleration , measured in feet per second per second, are continuous functions. The table
above shows selected values of these functions.

60
(a) Using appropriate units, explain the meaning of -[30 |¥(t)| di interms of the car’s motion. Approximate

0
J:o |v(£)| dt using a trapezoidal approximation with the three subintervals determined by the table.

30
(b) Using appropriate units, explain the meaning of Io a(t) dt in terms of the car’s motion. Find the exact value
30
of .[0 a(t)dt.

(c) For 0 < ¢ < 60, must there be a time ¢ when v(¢) = =5 ? Justify your answer,

(d) For 0 < ¢ <60, must there be a time ¢ when a(¢) = 07 Justify your answer.

ST

60
(&) jso |v(£)| dr is the distance in feet that the car travels ) { 1 : explanation
from ¢ =30 secto t = 60 sec, L+ value
60
Trapezoidal approximation for J.:;o O E
A= %(14 +10)5 + %(10)(15) + %(10)(10) =185 fi
30 :
(b) Io aft) dt is the car’s change in velocity in ft/sec from 5. { 1 : explanation
t =0 secto t =30 sec. L:value
30 0,
jo a(t) dt = jﬁ V(t) dt = v(30) — v(0)
= ~14 — (-20) = 6 ft/sec
(c) Yes. Since v(35) = -10 < -5 < 0 = v(50), the IVT 5. 1:v(35) < =5 < v(50)
guarantees a ¢ in (35, 50) so that v(¢) = —5. " | 1: Yes; refers to IVT or hypotheses
(d) Yes. Since v(0) = ¥(25), the MVT guarantees a 7 in o, [1:(0) = %(25)
(0, 25) so that a(t) = v/(¢) = 0. " | 1:Yes; refers to MVT or hypotheses
Units of ft in (a) and ft/sec in (b) 1 : units in (a) and (b)

© 2006 The Ccllege Board. All rights reserved.
Vistt apcentral.collegeboard.com {for AP professionals} and www.collegeboard.com/apstudents (for AP students and parents).

7 200



AP® CALCULUS AB
2005 SCORING GUIDELINES

Question 5

A car is traveling on a straight road. For 0 < ¢ € 24 seconds, the car’s wn
velocity v(2), in meters per second, is modeled by the piecewise-linear 1200 (6. 20)
function defined by the graph above.

— = k3
- Y S -]
: 4

24 24
(a) Find Io v(t) dt. Using correct units, explain the meaning of Io V() dr.

Lh

Velocity
{meters per second)

-~

(b) For each of v'(4) and v’(20), find the value or explain why it does not MR
. . . 4 8 12 16 20 24
exist. Indicate units of measure. Time (seconds)

<

(¢) Let a(f) be the car’s acceleration at time 4, in meters per second per second. For 0 < ¢ < 24, write a
piecewise-defined function for a(z).

{d) Find the average rate of change of v over the interval 8 < s < 20. Does the Mean Value Theorem guarantee
avalue of ¢, for 8 < ¢ < 20, such that v(¢) is equal to this average rate of change? Why or why not?

(@) J-024V(t) di = %(4)(20) +(12)(20) + %—(8)(20) =360 | . { 1: value

The car travels 360 meters in these 24 seconds. 1: meaning with units

(b) v'(4) does not exist because ' 1:v'(4) does not exist, with explanation
_ — 3:41:v(20

im (9= _ 502 him ¥ - v(4) v(_ )

PRVE -4 fsdt t—4 1 : units

oy 20=0 _ 5 2

1«'(20)——16_24 =-3 m /sec
© 3 Tf O<t<4 ' 1 : finds the values 5, 0, _3

a(r)={ 0 if4<r<16 2: 2

- 1 : identifies constants with correct intervals

—% if 16 <1< 24

a(t) does not existat # = 4 and ¢ =16.

(d) The average rate of change of v on [8, 20] is 5. { 1 : average rate of change of v on [8, 20]

v(20)~-v(8) 5 2 1 : answer with explanation
508 -6 m/sec”.

No, the Mean Value Theorem does not apply to v on
{8, 20] because v is not differentiable at ¢ = 16.

Copyright © 2005 by College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents). 3 63
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Question b
! 0 | 10 | 40 | 60
(seconds)
B(7) 100 | 136 9 | 49
(meters)
V() 20|23 | 25|46
(meters per second)

Ben rides a unicycle back and forth along a straight east-west track. The twice-differentiable function B models
Ben’s position on the track, measured in meters from the western end of the track, at time ¢, measured in seconds
from the start of the ride. The table above gives values for B(¢) and Ben’s velocity, v(¢), measured in meters

per second, at selected times #.

(@) Use the data in the table to approximate Ben’s acceleration at time ¢ = 5 seconds. Indicate units of measure.

60
(b) Using correct units, interpret the meaning of Io |v(¢)] dt in the context of this problem. Approximate

(c)
(&

60
Io |v(¢)] dt using a left Riemann sum with the subintervals indicated by the data in the table.

For 40 < ¢ < 60, must there be a time ¢ when Ben’s velocity is 2 meters per second? Justify your answer.

A light is directly above the western end of the track. Ben rides so that at time ¢, the distance L(¢) between
Ben and the light satisfies (L(r))2 =122+ (B(r))z. At what rate is the distance between Ben and the light

changing at time ¢ = 40 ?

(@)

(b)

v(lO) v(O) 03 _ 2
a(5) ~ 06 = 10 0.03 meters/sec

60
.[0 |v(¢)| dt is the total distance, in meters, that Ben rides over the

1 : answer

! 1

: meaning of integral

(©)

@

60-second interval + = 0 to ¢ = 60.

60
jo [v(r)|dt = 2.0-10 + 2.3(40 —10) + 2.5(60 — 40) = 139 meters

B(60)— B(40) _ 499
60 — 40 20
implies there is a time ¢, 40 < ¢ < 60, such that v(r) = 2.

Because

= 2, the Mean Value Theorem

2L(H)L'(r) = 2B() B'(¢r)

an - BAOW(40)  9.25 3
L'(40) = 40y T s 2 meters /sec

© 2011 The College Board.
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1
1
3:<1

—_

: approximation

: difference quotient
: conclusion with justification

: derivatives
s uses B'(¢) = (1)
: answer

¢ units in (a) or (b)
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Question 6

¢

{seconds) 0 8 20| 25

32

40

V) 3 | s |-10] -8
{meters per second)

-4

The velocity of a particle moving along the x-axis is modeled by a differentiable function v, where the
position x is measured in meters, and time ¢ is measured in seconds. Selected values of v(t) are given in the

table above. The particle is at position x = 7 meters when ¢ = 0 seconds.

(a) Estimate the acceleration of the particle at # = 36 seconds. Show the computations that lead to your

answer. Indicate units of measure.

40
(b) Using correct units, explain the meaning of Izo v(¢) dt in the context of this problem. Use a

40
trapezoidal sum with the three subintervals indicated by the data in the table to approximate J-zo v(t) dr.

(c) For 0 <¢ < 40, must the particle change direction in any of the subintervals indicated by the data in the
table? If so, identify the subintervals and explain your reasoning. If not, explain why not.

(d) Suppose that the acceleration of the particle is positive for 0 < ¢ < 8 seconds. Explain why the positibn

of the particle at 7 = 8 seconds must be greater than x = 30 maeters.

(a) a(36) =v'(36) = l’%——;(‘sz) = % meters/sec2

40 . . . e -
b Izo v(¢) dt is the particle’s change in position in meters from time

1 : units in (2) and (b)

1 : answer

40
1 : meaning of _[20 v(t)dt

£ La ¥a o 4o 42 4 40 1
T VOIS IV LG — 1) ol LU,

0
[ty ar = Y2OHVES) 5, 29)+¥(32) ; , ¥(32) 4 (40) g
20 2 5 >
= —75 meters

(¢) v(8) >0 and v(20) < 0
v(32) < 0 and »(40) > 0
Therefore, the particle changes direction in the intervals
8 <t <20 and 32 <t < 40,
(d) Since v(#) = a(r) > 0 for 0 < < 8, v(#) = 3 on this interval.

8
Therefore, x(8) = x(0) + .[0 wWt)ydt=27+8-3 > 30

© 2009 The College Beoard. All rights reserved.
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2 Ttrapezoidal —
approximation

1 : answer
1 : explanation

1:v(t) = a(t)
1 : explanation of x(8) > 30
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Question 4

t

0 10 20 30 40 | 50 60 70 80
(seconds)

) 5 | 14 | 2| 20 | 35 | 40 | 4 | 47 | 29
(feet per second) _

Rocket 4 has positive velocity v(¢) after being launched upward from an initial height of 0 feet at time 7 = 0

seconds. The velocity of the rocket is recorded for selected values of ¢ over the interval 0 < ¢ < 80 seconds, as

shown in the table above,

(a) Find the average acceleration of rocket 4 over the time interval 0 £ ¢ < 80 seconds. Indicate units of
measure.

| (b) Using correct units, explain the meaning of I ) dt in terms of the rocket’s flight. Use a midpoint

70
Riemann sum with 3 subintervals of equal length to approximate LO v(t) dr.

(c) Rocket B is launched upward with an acceleration of a(t) = —-J-t-3~—+_—1— feet per second per second. At time

t = 0 seconds, the initial height of the rocket is { feet, and the initial velocity is 2 feet per second. Which of
the two rockets is traveling faster at time ¢ = 80 seconds? Explain your answer.

{a) Average acceleration of rocket A4 is 1 : answer
v(80)—v(0) _49-5 _ 11
80—0 80 g /s’
(b) Since the velocity is positive, I v(t) dt represents the 1 : explanation
3:41: 20), ¥(40), v(6
distance, in feet, traveled by rocket 4 from ¢ = 10 seconds ) uses ¥(20), v(40), »(60)
to ¥ = 70 seconds. 1: value
A midpoint Riemann sum is
20[v(20) + v(40) + v(60)]
=20[22 + 35+ 44] = 2020 ft
(c) Let vg(t) be the velocity of rocket B at time . 1:64t+1
3 1 : constant of integration
vyt =f———dz =6vi+1+C
5(1) vi+1 4 : 4 1 :uses initial condition
2=v3(0)=6+C 1 : finds vg(80), compares to v(80),
vp(t)=6dr+1-4 and draws a conclusion
vz(80) = 50 > 49 = v(80) '
Rocket B is traveling faster at time # = 80 seconds.
Units of ft / sec? in (a) and ft in (b) 1 : units in (a) and (b)

© 2006 The College Board. All rights reserved.
Visit apoentral.cellegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents).
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Question 2

A particle moves along the x-axis so that its velocity v at time w1
! =0 is given by w(t) = sin (tz). The graph of v is shown above ‘

i +
for 0 < ¢ < ¥5x. The position of the particle at time ¢ is x(¢) and

its position at time ¢ = 0 is x(0) = 5.

2007 SCORING GUIDELINES (Form B)

AL

{a) Find the acceleration of the particle at time ¢ = 3.

L N e)
i {b) Find the total distance traveled by the particle from time ¢ = 0
’ tot=3.

(c) Find the position of the particle at time ¢ = 3. it

(d) Por 0 <t <5z, find the time ¢ at which the particle
is farthest to the right. Explain your answer.

VAVA

(@ a(3)=v'(3) =6cos9 = -5.466 or —5.467 1: a(3)
3
(b) Distance = I0|v(r)| di =1.702 5. |1 isetup
OR 1 : answer
For 0 <t <3, v(t) =0 when ¢ = vz =1.77245 and
t =27 = 2.50663
x(0) =35
VT
*(Jm) =5+ [ " v(e) dt = 5.89483
2z
*(2x) = 5+ [ v(r) dr = 543041
3
x(3) =5+ jo W) dt = 5.77356
|x(v7) = x(0)| + |x(v2r) - (N7 )|+ 1x(3) - x(+2x )| = 1.702
; 1 : integrand
() x(3)=5+ .‘.o v(t) dt = 5773 or 5.774 3: 1:uses x(0) =5
1 : answer

(d) The particle’s rightmost position occurs at time ¢ = V7 = 1.772.

The particle changes from moving right to moving left at those times 7 for
which v{r) = 0 with v(r) changing from positive to negative, namely at

t =r,Br,5x (t =1.772,3.070, 3.963).
T
Using x(T) =5+ jo v(t) dt, the particle’s positions at the times it

changes from rightward to leftward movement are:

T: 0 Yo Bz 5z
#T): 5 5895 5788 5.752

The particle is farthest to the right when 7 = V7.

© 2007 The College Board. All rights reserved.

T:setsw(t) =0
3.5 1:answer
1 :reason

Visit apcential.collegeboard.com (for AF professionals) and www.collegeboard.com/apstudents (for students and parents). < 5 q—
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AP® CALCULUS AB
2002 SCORING GUIDELINES (Form B)

Question 3

A pa.rticlé moves along the z-axis so that its velocity v at any time ¢, for 0 <t <16, is given by

u(t) = > 1. At time ¢ = 0, the particle is at the origin.
(a) On the axes provided, sketch the graph of »(t) for 0 < ¢ <16.

(b) During what intervals of time is the particle moving to the left? Give a reason for your

answer.

(c) Find the total distance traveled by the particle from ¢ = 0to £ = 4.

(d) Is there any time t, 0 < ¢ < 16, at which the particle returns to the origin? Justify your

ANnswer.
(a) ofi) 1: graph
8 three “humps”
4% /\ /\ periodic behavior
% & 1 15 t starts at origin
-4

-8
(b) Particle is moving to the left when
o(t) < 0,ie ¥ <1,

(m2n), (3w, 47) and (5w,16]

(©) fo Ylo()]dt = 10.542

or

af) == g28int 1 __ n
) € + =

reasonable relative max and min values

[ 2 - intervals

3 < 1> each missing or incorrect interval

1 : reason

[ 1 : limits of 0 and 4 on an integral of

ot) or [o(t)]

or

AH%

t=0ort=wxw
() = fu "o(t)dt = 10.10656
4
=(4) = fﬂ ot)dt = 9.67066
[2(m) — z(0)] + |=(4) — =(x)|
= 10.542

{(d) There is no such time because

T
fo o(t)dt > 0forall T > 0.

uses #{0) and z(4) to compute distance
1 : handles change of direction at student’s
turning point

1 : answer

note: 0/1 if incorrect turning point

1 : reason

{ 1 : no such time
2

Copyright © 2002 by College Enfrance Examination Board. All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board.
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AP® CALCULUS AB
2009 SCORING GUIDELINES

Question 1

v(n)
Iy

0.3

0.2 /
0.1 -

0

-0.1
-02

Caren rides her bicycle along a straight road from home to school, starting at home at time ¢ = 0 minutes
and arriving at school at time # = 12 minutes. During the time interval 0 < ¢ <12 minutes, her velocity
v(r), inmiles per minute, is modeled by the piecewise-linear function whose graph is shown above.

(a) Find the acceleration of Caren’s bicycle at time ¢ = 7.5 minutes. Indicate units of measure.

12
(b) Using correct units, explain the meaning of Jo |v(#)] dt interms of Caren’s trip. Find the value

(©)

(d)

of [,’Iv(o)] .

Shortly after leaving home, Caren realizes she left her calculus homework at home, and she returns to
get it. At what time does she turn around to go back home? Give a reason for your answer.

Larry also rides his bicycle along a straight road from home to school in 12 minutes. His velocity is

modeled by the function w given by w(z) = sm( = ), where w(?) is in miles per minute for

0 < ¢ £ 12 minutes. Who lives closer to school. Caren or Larry? Show the work that leads to your

answer.

(a)

a(7.5)=V(75) = v(8) v(7) 0.1 miles/xrninute2

|

1
1

. answer

s ynifs

A

39

(b)

©

(d)

j;2|v(t)| d¢ is the total distance, in miles, that Caren rode

during the 12 minutes from ¢ =0 to f = 12.

j |v(¢)] dt = J' (t) dt - J' v(t)dt + J' w(e) dt
=02+024+1.4 = 1.8 miles

Caren turns around to go back home at time f = 2 minutes.
This is the time at which her velocity changes from positive
to negative.

12
_[0 w(t) dt = 1.6; Larry lives 1.6 miles from school.

12
.[o v(t) dt =1.4; Caren lives 1.4 miles from school.

Therefore, Caren lives closer to school.

T

|

|

1
1

1

© 2009 The College Board. All rights reserved.
Visit the College Board on the Web: www.collegeboard.com. ) ? 5(7

: meaning of integral
: value of integral

D answer
. reason

: Larry’s distance from school

1 : integral
1 : value

: Caren’s distance from school

and conclusion



AP® CALCULUS AB
2004 SCORING GUIDELINES

Question 3
A particle moves along the y-axis so that its velocity v attime 7 =2 0 is given by v(¢) =1~ tan " (e‘ )

Attime 7 = 0, the particle is at y = —1. (Note: tan™ x = arctanx )

{a) Find the acceleration of the particle at time ¢ = 2.

(b) Is the speed of the particle increasing or decreasing at time ¢ = 2 ? Give a reason for your answer.

(c) Find the time ¢ = 0 at which the particle reaches its highest point. Justify your answer.

(d) Find the position of the particle at time ¢ = 2. Is the particle moving toward the origin or away from
the origin at time ¢ = 2 7 Justify your answer.

(@ a(2)=1+(2)=-0.132 or -0.133 1: answer

(b) v(2)=-0.436 1 : answer with reason
Speed is increasing since a(2) < 0 and v(2) < 0.

(©) v(f) =0 when tan”'(e') =1 1:sets v(¢) =0

t = In(tan(1)) = 0.443 is the only critical value for y. AR Tde?uﬂes £=0.443 as: a candidate
1 : justifies absolute maximum

v(t) > 0 for 0 <t < In(tan(1))

Wy < 0 for 7 = Im(an(1})

¥(t) has an absolute maximum af ¢ = 0.443.

2 2
@ y(2)=-1+ [G v(t) dt = ~1.360 or ~1.361 1: jo v(t) dt
The particle is moving away from the origin since 4 : { 1 :handles initial condition
v(2) <0 and y(2) <0. 1 : value of y(2)

1 : answer with reason

Copyright © 2004 by Cellege Entrance Examination Board. All rights reserved.
Visit apcentrai.collegeboard.com (for AP professionals) and www.coliegeboard.com/apstudents (for AP students and parenits).
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AP® CALCULUS AB
2007 SCORING GUIDELINES

Question 4
A particle moves along the x-axis with posiﬁon at time ¢ given by x{¢) = ¢ sins for 0 < ¢ < 2.

(a) Find the time ¢ at which the particle is farthest to the left. Justify your answer,
(b) Find the value of the constant A4 for which x(¢) satisfies the equation 4x"(¢) + x'(¢) + x(¢) = 0

for 0 << 2m.
(@) x(t)=—e"sins+ecost=e"(cost —sint) 2 x'(t)
x'(#) = 0 when cos? = sinz. Therefore, x'(f) = 0 on 5. ) Lusets X(t)=0
0</<2r fort=2% and t = 2%, lzz.msv-ver .
4 4 1 justification
The candidates for the absolute minimum are at
—0. E 5%

t—0,4, 1 and 27.
t | x(2)
0 | “sin(0) =0
7 -z T
x & i
7 e sm( 4) >0
5z | 2 57
el 4 ain |27
4 | € sm( 1 ) <0
27 | e sin(27) =0

The particle is farthest to the left when ¢ = STE
(b) x"(#) = —e " (cost ~sint) +e " (~sinz — cos 7) 2. x"(t)
= —2¢ cost | 1:substitutes x"(z), x(¢), and x(z)
' into Ax"(£) + x'(¢) + x(¢)
A8 + x(8) + x(¢) 1 : answer
= A(—Ze" cos r) +e " (cost—sint)+e " sint
= (—24+1)e cost
Therefore, 4 = %

© 2007 The Ccllege Board. All rights reserved,
Visit apcentral.collegeboard.com {for AP professionals) and www.collegeboard. com/apstudents (for students and parents).



Acea vehwera Cucuts

. , L
?3 1 The area of the region enclosed by the graphs of y=x" andy=x1s
) ) .
B 1 2 € 1
1 1 Z D)
@ < ®) 3 © 5 6

e —

85 1. The area of the region between the graph of y = 4x> +2 and the x-axis from x=1to x=2 i§

&c (A) 36 (B) 23 (©) 20 (D) 17 € 9

@Y 21. The area of the region enclosed by the graphs of y=x and y= x> =3x+3 is

R 14
® 2 R © 3 ®) 2 ®

?g 25. What is the area of the region between the graphs of y =x? and y = -x fromx =0 tox = 2?

(@) % ® 8

(E) 5

§0 23. The area of the region-bounded by the curve y = e%* , the x-axis, the y-axis, and the line x =2 is -

A8 equal to
! e* et
(A) ,_2__6 B) '{"1 (©) )
(D) 2e*-e _ (F) 2*-2

2 . e
q? 16. The area of the region enclosed by the graph of y=x"+1 and the line y=3 is

16 28 2 o 8
™ = ® 7 © ® 3 B $n

35 34. The area of the region in the first quadirant that is enclosed by the graphs of y = x* +8 and
) y=x+8 is

1 1 3 65
.  ® © ®) 1 ®

A | 248

(A)




2 .
?‘3 17. What is the area of the region completely bounded by the curve y =—x" +x+ 6 and the line
y=47

31 33
3 7 2 (E)

(A) B) = © ) = 5

% 6.  The area of the reg10n enclosed by the curve y = —1——-1- the x-axis, and the lines x =3 and x=4 is

—
5 2 4 3 o
(A) ™ | (B) 1n5 (C) 1n5 (D) an E) 6

=x(1- the x-axis is
#% 1. Theareaof the region in the first quadrant enclosed by the graph of y=x (1-x) and the x

A

BC 2 3 1
@ < ® 5 © 3 ® g ®
Y
4
Y =f{x)
> ‘l‘ \\\\\\\\\\\\\%\\} x
AW
y= g(x)/
8‘ 34. The area of the shaded region in the figure above is represented by which of the following

integrals?

@) [ (@ ]-| g6 )
®) [, flx)dx- [ g(x)dr
© [ (s®~rf()ax
®©) [(f0)-g@))ax

® [ (s)-fC))de+ [°(f()-gx))dx

3 13



_(alglater A

' ?} 83. What is the area of the region in the first quadrant enclosed by the graphs of y =cosx, y =1,
' and the y-axis?

‘i @) 0127 (B) 0.385 (C) 0.400 (D) 0.600 (E) 0.947

7
% 92. IfOSk<—2— and the area under the curve y =cosx from x=*% to x:g is 0.1, then k =

(A) 1.471 B) 1414 € 1277 M) 1.120 (E) 0436

' | . : 2
qg 80. Let R be the region enclosed by the graph of y=1+In (0034 x) , the x-axis, and the lines x = ~3
BC

and x = 3 The closest integer approximation of the area of R is

(A) 0 ®) 1 © 2 @) 3 E) 4

A



69 25.

& 13
A

A region in the plane is bounded by the graph of y = ! . the x-axis, the line x = m, and the line
. X

x=2m, m> 0. The area of this region

(A) isindependent of m .

(B) increases as m increases.

(C) decreases as m increases.

. I, . 1
(D) decreases as m increases when m < —2~; Increases as m increases when m > 3

. . 1 . 1
(E) increases as m increases when m < 5; decreases as m increases when m > 5"

The region bounded by the x-axis and the part of the graph of y =cosx between x = —g and
X= -725 is separated into two regions by the line x = % . If the area of the region for —-g <x=<kis
three times the area of the region for £k <x < g, then k=
(A) arcsin (1] . (B) arcsin (lj © I
4 3 6
T T
o - (B) 3




Veolumes  Gnd Rotadonails

Dk Methad

q) 30. The region enclosed by the x-axis, the line x =3 , and the curve y =[x

. : is rotated about the
x-ax1s. What is the volume of the solid Zenerated?

@ B) 243n (©) -227: D) 9z (E)§-6—\/§n
5

??, 23. Ifthe region enclosed by the y-axis, the line y =2, and the curve y = Jx is revolved about the
y-axis, the volume of the solid generated is

@ = ®F 0 F oZ ® =

93 30. What is the volume of the solid generated by rotating about the x-axis the region enclosed by the

BC curve y=secx and the lines x=0, y=0, and x= g ?

n

A -

(A) N

B) =

€ 3

o &
3

(E) &1n(%+ﬁ)

g 36. Let R be the region between the graphs of y =1 and y=sinx from x=0 to x = g ‘The volume of

the solid obtained by revolving R about the x-axis is given by

n L i :
(A) 2n Iozxsinxdx (B) 2;-1;]02 xcos x dx ©) njoz (1-sinx)’ dx

D) = I(}g sin? x dx E) = L;g (1 —sin? x)dx

246 | 946



9( 29.  The ;egion R in the first quadrant is enclosed by the lines x = 0 and y=5 and the graph of

L8 y =x* +1. The volume of the solid generated when R is revolved about the y-axis is
34n 544n
(A) 6n (B) 8n | (9] =5 (D) lém (E) 3

W asne’ Methot
wWashee METh

?‘S 45. The region enclosed by the graph of y = x*,the line x =2, and the x-axis is revolved about the
y-axis. The volume of the solid generated is

(A) 8 (B) 32, © 13% D) 4n (E)

8
—7
5 3

?3 35. The region in the first quadrant bounded by the graph of y=secx, x= g , and the axes is rotated

about the x-axis. What is the volume of the solid generated?

7122

W ®B) n-1 ©) = (D) 2n ®

At a7



Rotahonals - Disk [Washer

K .35. The region in the first quadrant between the x-axis and the graph of y= 6x~x" is rotated around
; &’ the y-axis. The volume of the resulting solid of revolution is given by ‘

(A) j; n(6x—x2)2dx

®) [ 2me(6x-)de

[~

© [ mw(6x—a?) de
(D) j; n(3+J9_—})2dy
® | n(3+5-7) &

~
N

e ; - . B
Qq 77. When the region enclosed by the graphs of y=x and y=4x-x" 18 revolved about the y-axis, the

volume of the solid generated is given by
3
(A = .[0 (x3 ——3x2)dx

o e o
(C) = j(? (3x—x2)2 dx

) 2nf (x*-3")dv
3

E) 21:-‘[ (\sz-—xﬂa’x

[i] 7

1

Q3 20. Let R be the region in the first quadrant enclosed b§ the graph of y =(x+ l)g ,the line x=7,
the x-axis, and the y-axis. The volume of the solid generated when R is revolved about the y-axis

is given by
7 2 7 x 2, 2
(A) njo(x+1)3dx (B) 2nj0x(x+1)3dx () n_[o(x+1)3dx
i
D) 2nj02x(x+1)5dx (E) njg(y3—1)2dy

XD PR



88 30. A region in the first quadrant is enclosed by the graphs of y=¢* x= 1, and the coordinate axes.
If the region is rotated about the y-axis, the volume of the solid that is generated is represented by

which of the following integrals?

(A) 2z j; xe? dy

(B) 2n[01e2"dx
©) njﬁle“"dx
@) =f yinydy

L
® o, b’y

L]

y=kx— x?

[B =
k=]

The-shaded region ® showm in the Iigure above, 1s rotated about the y-axis to form a solid whose

&R

volume is 10 cubic units. Of the following, which best approximates & ?

(A) 151 (B) 2.09 (C) 2.49 (D) 4.18 (E) 4.77

A9



‘Hotohons — Cross Sechond

$5 39, Thebaseor a solid is the region enclosed by the graph of y=¢™*

Be

, the coordinate axes, and the line
\ x=3. If all plane cross sections perpendicular to the x-

axis are squares, then its volume is

)
| W= ® ge‘ﬁ © e* D) e E) 1-¢?

7 2
qq 87. The base of a solid is the region in the first quadrant enclosed by the graph of y =2 —x"and the

! 6(_ coordinate axes. If every cross section of the solid perpendicular to the y-axis is a square, the
| volume of the solid is given by

@) 7] (2-y) d

® [ e-na

© =), () a
\ (D) jf(z-xz)zdx
(E) jf(Z—xz)dx

% 86. The base of a solid is a region in the first quadrant bounded by the x-axis, the y-axis, and the line
&4 X+2y =8, as shown in the figure above. If cross sections of the solid perpendicular to the x-axis
are semicircles, what is the volume of the solid?

(A) 12.566 (B) 14.661 (C) 16.755 (D) 67.021 (B) 134.041

2 .

25. The base of a solid is the region in the first quadrant enclosed by the parabola 'y = 4x*, the line

glg x =1, and the x-axis. Each plane section of the solid perpendicular to the x-axis is a square. The
BC' volume of the solid is

4 16m 4 p) 18 ® 2
@ 5 ® = © 3 ®) 5

- A50



f} 84. The base of a solid § is the region enclosed by the graph of y =+/Inx, the line x=e¢, and the
x-axis. If the cross sections of § perpendicular to the x-axis are squares, then the volume of § is

S 2 LY
@ = ® 3 © 1 @) 2 € -1




Area be*wem Caroey / olure écSG\\(\?') o

0
TN | , - h
3. Let R be the region in the first quadrant enclosed by the graphs of f(x) = 8x” and g(x) = sin(zx), as shown

in the fignre above. :

(a) Write an equation for the line tangent to the graph of f at x =

S

(b) Find the area of R.

(c) Write, but do not evaluate, an integral expression for the volume of the solid generated when R is rotated
about the horizontal line y = 1.

N

3. The functions f and g are givenby f(x) = vx and g(x)} = 6 — x. Let R be the region bounded by the x-axis
and the graphs of f and g, as shown in the figure above.

(a) Find the area of R,

LRS-

s 0 ; t 1 t

(b) The region R is the base of a solid. For each y, where 0 < y < 2, the cross section of the solid taken
perpendicular to the y-axis is a rectangle whose base lies in R and whose hmght is 2y. Write, but do not
evaluate, an integral expression that gives the volume of the solid.

(c) There is apoint P on the graph of f at which the line tange:nt to the graph of f is perpendicular to the graph
of g. Find the coordinates of point P. _

252 A9



10-&

(©, 6)

0 =X

4, Let R be the region in the first quadrant bounded by the graph of y = 24x, the horizontal line y = 6, and
the y-axis, as shown in the figure above.

(a) Find the area of R,

{b) Write, but do not evaluate, an integral expression that gives the volume of the solid generated when R is
rotated about the horizontal line y = 7.

{(c) Region R is the base of a solid. For each y, where 0 < y < 6, the cross section of the solid taken

perpendicular to the y-axis is a rectangle whose height is 3 times the length of its base in region R. Write,
but do not evaluate, an integral expression that gives the volume of the solid.

§-%

o,

3
g “,2)
1 R
' ' : —
0 1 2 3 4

' X

5 as shown in the figure above.

4. Let R be the region bounded by the graphs of y = Nx and y =

(a) Find the area of R.

(b) The region R is the base of 2 solid. For this solid, the cross sections perpendicular to the x-axis are squares.
Find the volume of this solid.

(c) Write, but do not evaluate, an integral expression for the volume of the solid generated when R is rotated
about the horizontal line y = 2.

5%
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4-8

6. Let £ be the line tangent to the graph of ¥ = x” at the point (1, 1), where n > 1, as shown above.

1
(2) Find jo x"dx in terms of .

(b) Let T be the triangular region bounded by £, the x-axis, and the line x = 1. Show that the area of T is L .

2n

(c) Let § be the region bounded by the graph of y = x", the line 4, and the x-axis. Express the area of § in

terms of n and determine the value of »n that maximizes the area of §.

Ay



AP® CALCULUS AB
2011 SCORING GUIDELINES

Question 3

Let R be the region in the first quadrant enclosed by the graphs of f(x) = 8x°
and g(x) = sin(zx), as shown in the figure above.

(a) Write an equation for the line tangent to the graph of f at x = —é—

(b) Find the area of R.

(c) Write, but do not evaluate, an integral expression for the volume of the solid

generated when R is rotated about the horizontal line y = 1. R
0 ~*
1\ _ o ofL
@ 13)=1 L1 r(3)
1 : answer

f(x) = 24x%, s0 f'(%) =6

An equation for the tangent line is y =1+ 6(x - —1—)

® Area= [ (g(x) - 7()) @

' J 1 : integrand
4

2 : antiderivative

= J;'Iz(sin (7mx) - Sx") dx

1 ) . x=1/2
= [MEcos(er) - 2x L:n
__1.,1
=3t 7

© [ (-7 - (-2
= ;;jolﬂ((l - 8x3)2 -(1- sin(;rx))z) dx

© 2011 The College Board.

Visit the College Board on the Web: www.collegeboard.org.

t 1 : answer

_{ 1: limits and constant
" | 2 : integrand
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AP® CALCULUS AB
2011 SCORING GUIDELINES (Form B)

Question 3

The functions f and g are given by f(x) = vx and g{(x)=6-x. ¥

Let R be the region bounded by the x-axis and the graphs of /" and 21_ y =) 42
£, as shown in the figure above. "y ‘;y = g(x)
(a) Find the area of R. It R

(b) The region R is the base of a solid. For each y, where , : : : , -
0 < y < 2, the cross section of the solid taken perpendicularto € 1 2 3 4 5 6\
the y-axis is a rectangle whose base lies in R and whose height is 2y. Write, but do not evaluate, an integral
expression that gives the volume of the solid.

(¢c) There is apoint P on the graph of 7 at which the line tangent to the graph of f is perpendicular to the graph
of g. Find the coordinates of point P.

| . | ) i - 1 : integral
(a) Area=j Vidot=2.2=2x12 +2== 3: 4 1:antiderivative
0 2 3 =0 3
1 : answer
(b) y=w./J_c:;>x=y2 3 2 : integrand
y=6-x = x=6-y "1 1:answer
Width = (6 - ) -
‘ , ,
Volume = Io 2y(6 ~-y—¥ )a’y
© g'(x)=-1 1: f'(x)
Thus a li dicular to the graph of g has slope 1 34 1t equation
us a line perpendicular to the graph of g has slope 1. 1 - dnswer
ey 1
f (x) - 2\/;
1 i
—r——=] = = —
2% T
The point P has coordinates (:11-, —%—-)
@ 2011 The College Board.
Vigit the College Board on the Web: www.collegeboard.org. P Wan
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AP® CALCULUS AB
2010 SCORING GUIDELINES

Question 4

-

9, 6)

)

Let R be the region in the first quadrant bounded by the graph of y = 2vx, the horizontal line y = 6, and the
y-axis, as shown in the figure above. . '

(a)
®

(©

Find the area of R.

Write, but do not evaluate, an integral expression that gives the volume of the solid generated when R is

rotated about the horizontal line y = 7.

Region R is the base of a solid. For each y, where 0 £ y £ 6, the cross section of the solid taken

perpendicular to the y-axis is a rectangle whose height is 3 times the length of its base in region R. Write,
but do not evaluate, an integral expression that gives the volume of the solid.

g A I 1 : integrand
(a) Area = .[0 (6 - 2&) dx = (6x - -é-xB/z) =18 3: < 1. antiderivative
*=0 1 : answer
TV olimE ”r9f/ 2 M. 3 [ 2 : infegrand
olume = —Zx | =(7T-= :
() Jo {{ ) =t ) ) 1 1 : limits and constant
2
(¢) Solving y = 2vx for x yields x = yT 3. { 2 : integrand
: aN/ 2 | 1:answer
. 3 4
Each rectangular cross section has area [3%} (—J—:I—J =15
6
= ("3 .4
Volume = fo T34 dy
© 2010 The College Board.
9\ 6 q‘ Visit the College Board on the Welb: www.collegeboard.com. Q 5?



AP® CALCULUS AB
2009 SCORING GUIDELINES (Form B)

Question 4

Let R be the region bounded by the graphs of y = Vx and y

y= 125-, as shown in the figure above.

(a) Find the area of R. 4, 2)

(b) The region R is the base of a solid. For this solid, the
cross sections perpendicular to the x-axis are squares. It R
Find the volume of this solid.

fc) Write, but do not evaluate, an integral expression for the . .
volume of the solid generated when R is rotated about 1 2 3 4
the horizontal line y = 2.

4 9 g | ¥=4 4 1: integrand
(a) Area = j Jx - %) dx = §-x3/2 - % =3 3: 5 1:antiderivative
0 x=0 1 : answer
4 z 4 2
(b) Volume = J (JJ? —%) dx = J (x -y 54—} dx - [ 1:integrand
0 0 3: < 1:antiderivative
1:
, - - answer
_x T X 8
2 5 12 15
T3=U
4 2 T
(¢) Volume = 7 (2 - 1) ~(2-E) |ax 3 { 1 : limits and constant
0 2 2 : integrand

© 2009 The College Board. All rights reserved.
Visit the College Board on the Web: www.collegeboard.com.
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AP® CALCULUS AB
2004 SCORING GUIDELINES (Form B)

Question 6

Let £ be the line tangent to the graph of = x” at the point (1, 1),

where » > 1, as shown above.

1
(a) Find J-o x" dx interms of n.

(b) Let T be the triangular region bounded by £, the x-axis, and the

line x = 1. Show that the area of T is 2—1];

(c) Let S be the region bounded by the graph of y = x”, the line £,
and the x-axis. Express the area of § in terms of » and determine

the value of » that maximizes the area of S.

s {a, 1

n+l |1

1
n+1

@ [rde=X

0 T a4+l

0
(b) Let b be the length of the base of triangle 7.

% is the slope of line £, which is

Area(T) = —;—b(l) = 21_;«:

(¢) Area(S)= [:x" dx — Area(T)

- antiderivative of x"
: answer

:slope of line £ is n

:baseofTis—i—

o1
: shows area is —
2n

1 : area of S in terms of »

959

N S
n+l 2n
d 1 1
—-Area(§) = + =
an e 5) (n+D*  2m?

.2n2 = (n+1)2
2n= (n+1)

1
= =1+2
"=

. dUJ.lVCI.tiVG
: sets derivative equal to 0
: solves for »

Copyright © 2004 by College Entrance Examination Board, All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents).
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1y 0 2.0

1. In the figure above, R is the shaded region in the first quadrant bounded by the graph of y = 41n(3 — x), the
horizontal line y = 6, and the vertical line x = 2. ‘
(a) Find the area of R.

(b) Find the volume of the solid generated when R is revolved about the horizontal line y = 8.

(c) Theregion R is the base of a solid. For this solid, each cross section perpendicular to the x-axis is a square.
Find the volume of the solid. )

y N

i
4" (2: 4)
3._

R
1_.
} )

o 1 2

- q-h |
4. Let R be the region in the first quadrant enclosed By the graphs of y = 2x and y = x?, as shown in the ‘-
figure above. '
(a) Find the area of R.
(b) The region R is the base of a solid. For this solid, at each x the cross section perpendicular to the x-axis
has area A(x) = sin (g- x). Find the volume of the solid. | |

(¢) Another solid has the same base R. For this solid, the cross sections perpendicular to the y-axis are squares.
Write, but do not evaluate, an integral expression for the volume of the solid.

960 | 260



1. Let R be the region bounded by the graphs of y = sin (mx) and y
(a) Find the area of R,

= x° — 4x, as shown in the figure above,

(b) The horizontal line y = —2 splits the region R into two parts. Write, but do not evaluate, an integral
expression for the area of the part of R that is below this horizontal line.

(c) The region R is the base of a solid. For this solid, ea
Find the volume of this solid.

ch cross section perpendicular to the x-axis is a square.

{d) The region R models the surface of & small pond. At all points in R at a distance x from the y-axis, the
depth of the water is given by h(x) = 3 - x. Find the volume of water in the pond.

-8

N _ X
1. Let R be the region in the first quadrant bounded by the graphs of y = vx and y = 3

(a) Find the area of R.

(b) Find the volume of the solid generated when R is rotated about the vertical line x = =1.

Find the volume of this solid.

-A 20
q 1. Let R belthe region in the first and second quadrants bounded above by the graph of y = . and below

by the horizontal line y = 2.
(a) Find the area of R.
(b) Find the volume of the solid generated when R is rotated about the x-axis.

{c) The region R is the base of a solid. For this solid, the cross sections perpendicular to the x-axis are
semicircles. Find the volume of this solid.

26| 2l



? 1. .Let R be the region bounded by the graph of y = e?"""“x2 and the horizontal line y = 2, and let S be the region
bounded by the graph of y = ez’""’2 and the horizontal lines y = 1 and y = 2, as shown above.
(a) Find the area of R.
(b) Find the area of §.

(c) Write, but do not evaluate, an integral expression that gives the volume of the solid generated when R is
rotated about the horizontal line y = 1.

-).‘

LR -

) - X

6-A ’
1. Let R be the shaded region bounded by the graph of y =
(a) Find the area of R.

In x and the line y = x — 2, as shown above.

(b) Find the volume of the solid generated when R is rotated about the horizontal line y = 3.

(c) Writé, but do not evaluate, an integral expression that can be used to find the volume of the soli

d generated
when R is rotated about the y-axis.

) - 44



6-8

3

1. Let f be the function given by f(x) = XT —F 5t 3cos x. Let R be the shaded region in the second

quadrant bounded by the graph of f, and let S be the shaded region bounded by the graph of f and line ¢, the

)C2 X

line tangent to the graph of f at x = 0, as shown above.
(a) Find the area of R.

: () Find the volume of the solid generated when R is rotated about the horizontal line y = —2.

(c) Write, but do not evaluate, an integral expression that can be used to find the area of S.

Y

5-#

1. Let f and g be the functions given by f(x) = ?}:+ sin(zx) and g(x) = 4% Let R be the shaded region in

the first quadrant enclosed by the y-axis and the graphs of f and g, and let S be the shaded region in the first

quadrant enclosed by the graphs of f and g, as shown in the figure above.
(a) Find the area of R.

(b) Find the area of S.

{¢) Find the volume of the solid generated when S is revolved about the horizontal line y = —1.
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Ly =f0x)

s

5-8 | ©

1. Let f and g be the functions given by f(x) = 1+sin(2x) and g(x) = "%, Let R be the shaded region in the
first quadrant enclosed by the graphs of f and g as shown in the figure above.

(a) Find the area of R.
(b) Find the volume of the solid generated when R is revolved about the x-axis.

(¢) The region R is the base of a solid. For this solid, the cross sections perpendicular to the x-axis are
semicircles with diameters extending from y = f(x) to y = g(x). Find the volume of this solid.

y=f(x)

_ - _ .
L v = glxd

n N

(a) Find the area of the shaded region enclosed by the graphs of f and g

o ' X



1. Let R be the region enclosed by the graph of y = +/x — 1, the vertical line x = 10, and the x--axis,
{a) Find the area of R.

(b) Find the volume of the solid generated when R is revolved about the horizontal line y = 3.

{c) Find the volume of the solid generated when R is revolved about the vertical line x = 10.

7] _ 1 -

3-h

1. Let R be the shaded region bounded by the graphs of y = +/x and y = ¢™* and the vertical line x = 1,
as shown in the figure above.

(a} Find the area of R.
(b) Find the volume of the solid generated when R is revolved about the horizontal line y =1L

(c) Theregion R is the base of a solid. For this solid, each cross section perpendicular to the x-axis is
a rectangle whose height is 5 times the length of its base in region R. Find the volume of this solid.

3-8

1.

A6

y = f(x)
N

0 | N

Let f be the function given by f(x) = 4x> — x>, and let £ be the line y = 18 — 3x, where £ is tangent to the

graph of f. Let R be the region bounded by the graph of f and the x-axis, and let S be the region bounded by
the graph of f, the line /, and the x-axis, as shown above.

(a) Show that £ is tangent to the graph of y = f(x) at the point x = 3.
(b) Find the area of §.

(c) Find-the volume of the solid generated when R is revolved about the x-axis.
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1. Let f and g be the functions given by f(x) = " and g(x) = x.

(a) Find the area of the region enclosed by the graphs of f and g between x = —%— and x = 1.

(b) Find the volume of the solid generated when the region enclosed by the graphs of f and g between x = %
and x = 1 is revolved about the line y = 4.
(c) Let & be the function given by A{x) = f (x) — g(x). Find the absolute minimum value of A(x) on the

closed interval % < x £ 1, and find the absolute maximum value of A(x) on the closed interval % <x=

Show the analysis that leads to your answers.

0

28 3
1. Let R be the region bounded by the y-axis and the graphs of v = 7 X
. + x

5 and y = 4 - 2x, as shown in the

figure above.
(a) Find the area of R.
(b} Find the volume of the solid generated when R is revolved about the x-axis.

(c) The region R is the base of a solid. For this solid, each cross section perpendicular to the x-axis is a square.
Find the volume of this solid.
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-t

y=1-cosx

00

y-axis, as shown in the figure above.

(a) Find the area of the region R.

{b) Find the volume of the solid generated when the region R is revolved about the x-axis.

. _.2
; 1. Let R be the shaded region in the first quadrant enclosed by the graphs of y = ™ , y = 1 ~ cos ¥, @d the

(c) The region R is the base of a solid. For this solid, each cross section perpendicular to the x-axis is a square,

Find the volume of this solid.

iz 1. Let R be the region bounded by the z
(a) Find the ares of the region R.

(b) Find the value of k such that the vertical line z =
of equal area,

—axis, the graph of y = /7, and the line z =4,

h divides the region R into two regions

(c) Find the volume of the solid generated when

(d) The vertical line z = divides the region R into two regions such that when these two
regions are revolved about the z

—axis, they generate solids with equal volumes. Find the
value of k.

R is revolved about the T—axis.

20T
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ot

?‘2 Let R be the region in the first quadrant bounded by the x-axis and the graphs of y=Inx and y =5~ 1z, as
v shown in the figure above.

{a) Find the area of R.

(b) Region R is the base of a solid. For the solid, each cross section perpendicular to the x-axis is a square.
Write, but do not evaluate, an expression involving one or more integrals that gives the volume of the solid.

(c) The horizontal line y = k& divides R into two regions of equal area. Write, but do not solve, an equation
involving one or more integrals whose solution gives the value of k.
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"AP® CALCULUS AB
2010 SCORING GUIDELINES (Form B)

i : - - ¢ Question 1

In the figure above, R is the shaded region in the first quadrant bounded by the
graph of y = 4In(3 - x), the horizontal line y = 6, and the vertical line x = 2.

{a) Find the area of R.

(b) Find the volume of the solid generated when R is revolved about the
horizontal line y = 8. :

0,6

{c) The region R is the base of a solid. For this solid, each cross section
perpendicular to the x-axis is a square. Find the volume of the solid.

A

0 2.0

" 1: Correct limits in an integral in (a), (b),
or {c)

@ [ (6-4in(3-x)) dv = 6.816 or 6.817 ). { 1 integrand

0 _ 1: answer
2 ‘

() :rjo ((8—41n(3—x))2_(8—6)2)dx 3.{z;imegmd
= 168.179 or 168.180 ‘ 1: answer

? 2 g - ' [ 2 integrand
© [ (6—4in(3-x))* dx = 26.266 or 26.267 3 { 2 integra

© 2010 The College Board. -
gl Gq Visit the College Board on the Web: www.collegebcard.com. 9 6 q



AP® CALCULUS AB
2009 SCORING GUIDELINES

Question 4

Let R be the region in the first quadrant enclosed by the graphs of y = 2x and b

270

i
y = x*, as shown in the figure above.
4t 2,4
(a) Find the area of R.
{b) The region R is the base of a solid. For this solid, at each x the cross 34
section perpendicular to the x-axis has area A(x) = sin(% x). Find the
volume of the solid. g
(¢) Another solid has the same base R. For this solid, the cross sections R
perpendicular to the y-axis are squares. Write, bt do not evaluate, an 17
integral expression for the volume of the solid.
ol 1 2
2
(a) Area = _"0 (2x - xz) dx 1: integrand
- 314 1: antiderivative
2 13"
=X —-=x 1: answer
3 x=0
=4
3
2z
(b) Volume = f sin Ex) e (1 integrand
. — 37 1 antiderivative
T x=2
= ———cos(--x) : 1 1: answer
2 x=0
=4
7
4 2 2 : integrand
¢) Volume = - l) : 3: { '
(©) Volume L(‘E 2] ¥ | 1: limits

© 2009 The College Board. All rights reserved.
Visit the College Board on-the Web: www.collegeboard.com.
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AP® CALCULUS AB
2008 SCORING GUIDELINES

Question 1
;‘.“
F
1..-
' 1 2
_ .
(4] L
-1t
. R
24 :
—34

Let R be the region bounded by the graphs of y = sin(#x) and y = x> — 4x, as shown in the figure

above.

(a) Find the area of R. _

(b) The horizontal line y = -2 splits the region R into two parts. Write, but do not evaluate, an integral
expression for the area of the part of R that is below this horizontal line.

(c) The region R is the base of a solid. For this solid, each cross section perpendicular to the x-axis is a
square. Find the volume of this solid.

(d) The region R models the surface of a small pond. At all points in R at a distance x from the y-axis,
the depth of the water is given by A(x) = 3 — x. Find the volume of water in the pond.

il

(a) sin(zx)=x’—4x at x=0 and x =2 1 : limits
2y, 3:4 1:integrand
Area = sin{zx) = (x* —4x))dx =4
-[9( () ( )) 1 : answer
(b) x* —4x =2 at r = 0.5391889 and s = 1.6751309 5. { 1 : limits
The area of the stated region is J.S(—2 - (x3 - 4x)) dx I+ infegrand
o2 3 2 _{1:integrand
(c) Volumme = .[0 (sm(;z:x) (x - 4x)) dx=9.978 2: { 1 - answer

1 :integrand

(d), Volume = Joz(s - x)(sin(irx) —(x* - 4x)) dx=8369 or 8370 | 2: { | answer

© 2008 The College Board. All rights reserved.
Visit the College Board on the Web: www.collegeboard.com.
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AP® CALCULUS AB
2008 SCORING GUIDELINES (Form B)

Question 1

Let R be the region in the first quadrant bounded by the graphs of y = Vx and y = %

(a) Find the area of R.
{b) Find the volume of the solid generated when R is rotated about the vertical line x = —1.

(c) Theregion R isthe base ofa solid. For this solid, the cross sections perpendicular to the y-ax1s are
squares. Find the volume of this solid.

The graphs of y = Vx and y =X

3 intersect at the points
(0, 0) and (9, 3).

. .
@ f (JE "%) dv = 4.5 1 : limits
0 3:< 1:integrand
OR .1 1 :answer

I§(3y - yz) dy =45

3

(b) ”j ((3y +1)° - (y2 +1)2) dy I : constant and limits
0 4: 5 2 :integrand
_207x

5. { 1 : integrand

(c) 13(3y - y2)2 dy = 8.1
0 1 : liznits and answer

© 2008 The College Board. All rights reserved.
Visit the College Board on the Web: www.collegeboard.com.
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AP® CALCULUS AB
2007 SCORING GUIDELINES

Question 1

Let R be the region in the first and second quadrants bounded above by the graph of y = ” 20
+

below by the horizontal line y = 2.

(2) Find the area of R.
(b) Find the volume of the solid generated when R is rotated about the x-axis.

(¢} Theregion R is the base of a solid. For this solid, the cross sections perpendicular to the
x-axis are semicircles. Find the volume of this solid.

1 20 = =2 when x =13 I : correct limits in an integral in
+x (a), (b), or (¢)
3 gy
(a) Area =f [ 20 2) dv =37.9610r37.962 | 2: { }: integrand
-3\ 1+x 1 : answer

3 ) '
2 1int d
(b) Volume =« (_2.0....... - 22 dx =1871.190 3. { mtegran
1+ x* 1 : answer

3 2 .
2 rint d
(c) Volume = Z J - 2D dx 3: { fntegran
2], 1+ x2 1 : answer
3
EJ dx = 174.268
8 3 1+ x

© 2007 The College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for students and parents).
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- AP® CALCULUS AB
2007 SCORING GUIDELINES (Form B)

Question 1
2
Let R be the region bounded by the graph of y = ¢*™* and the .13\
horizontal line y = 2, and let S be the region bounded by the graph of 31
| y = *=% and the horizontal lines y=1and y = 2, as shown above. /};\
: (a) Find the area of R, 51
(b) Find the area of S. _ S \
{c) Write, but do not evaluate, an integral expression that gives the i
: volume of the solid generated when R is rotated about the \
: horizontal line y = 1. . .
-1 0 ] 2 3
! 2x—x2
] e = 2 when x = 0.446057,1.553943
' Let P = 0.446057 and O = 1.553943
0 , 1 : integrand
(a) Areaof R = J. (ezx"x - 2) dx = 0.514 3:4 1:limits
i 1: answer
(b) e 1 when x = 0, 2 1 : integrand
3:< 1:limits
2 .
Areaof § = f (ez""‘2 - l)dx — Area of R 1 answer
0
= 2.06016 — Arcaof R =1.546
OR |
P ' 2
f (ez""‘2 —1) dx + (0 —_P)~1+f (ezx""l - l)dx
0 g
= 0.219064 + 1.107886 + 0.219064 = 1.546
o 2 .
2 .
© Volume = ;rJ ((e”‘"‘ _ 1) -~ 1)2] dx 3. { 2:integrand
P 1 : constant and limits

© 2007 The College Board. All rights reserved.
Visit apcentral.collegebeard.com (for AP professionals) and www.collegeboard.com/apstudents (for students and parents).
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AP® CALCULUS AB
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Question 1

Let R be the shaded regmn bounded by the graph of y = Inx and the line }

y=x—2, as shown above. :

(a) Find the area of R.

(b) Find the volume of the solid generated when R is rotated about the horizontal
line y = -3

(c) Write, but do not evaluate, an integral expression that can be used to find the 0
volume of the solid generated when R is rotated about the y-axis. :

In{x) = x — 2 when x = 0.15859 and 3.14619.
Let § = 0.15859 and T = 3.14619 -

(a) Areaof R = jST(In(x) —(x—2)) dx =1.949 1: integrand
3:+< 1:limits
1 : answer
T
(b) Volume = 7 [S ((n(x)+3)* = (x-2+3)) dr ;. [2+integrand

=34.19% or 34.199 [T [imifs, constant, and answer

r-2

(¢) Volume = ﬂ'f

((y + 2)2 - (ey )2) dy i {2 : integrand
§-2 3:

1 : limits and constant

© 2006 The College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents).

2

219 AT



AP® CALCULUS AB
2006 SCORING GUIDELINES (Form B)

GQuestion 1

. 3 2
Let f be the function given by f(x) = X X X 43cosx Let R

be the shaded region in the second quadrant bounded by the graph of 7,
and let S be the shaded region bounded by the graph of f and line 7,

the line tangent to the graph of f at x = 0, as shown above.
(a) Find the area of R.

(b) Find the volume of the solid generated when R is rotated about the
horizontal line y = -2.

(c) Write, but do not evaluate, an integral expression that can be used
to find the area of S.

For x <0, f(x)=0 when x = -1.37312.
Let P =-~1.37312
0 .
(2) Areaof R= Ipf(x) dx = 2.903 5. { 1 : integral
" | 1: answer
]
(b) Volume = EIP(( £(x)+2)* —4) dx = 59361 1 : limits and constant
4 : ¢ 2 :integrand
1 : answer
(¢) The equation of the tangent line # is y =3~ %x. 1 : tangent line
3:49 1:integrand
The graph of f and line £ intersect at 4 = 3.38987. 1 : limits
4 1
Areaof § = j ((3 - Ex) - f(x)) dx
0

@ 2006 The College Board. All rights reserved.
Visit apcentral. collegeboard.com (for AP professionals} and www.collegeboard. com/apstudents (for AP students and parents).
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AP® CALCULUS AB
2005 SCORING GUIDELINES {Form B)

Question 1

Let f and g be the functions given by f{x) =1+ sin{2x) and

g(x) = &

the graphs of f and g as shown in the figure above.
(a) Find the area of R.

(b) Find the volume of the solid generated when R is revolved about the

x-axis.

(¢) The region R is the base of a solid. For this solid, the cross sections
perpendicular to the x-axis are semicircles with diameters extending
from y = f(x) to y = g(x). Find the volume of this solid.

. Let R be the shaded region in the first quadrant enclosed by

0

The graphs of fand g intersect in the first quadrant at
(S, T) = (1.13569, 1.76446).

@ Amca = [[(f()- g(x)) s

=" (1 +sin(2x) — &7?) d
[, (1+sin(2x)
= 0.429

®) Volume = 7 [ ((7())" - (g(x)") ds

" 1:correct limité in an integral in (a), (b),

or (¢)

5. 1 integrand
" | 1:answer

[ 2 : integrand

{=1) each error

P

= ij((l + sin(2x))% — (e"/z )2) dx

0
= 4.266 or 4.267

s
(c) Volume = L %[M)Z dx

3
|z 1+ sin(2x) ~ &2 de
- . 2 2

= 0.077 or .078

Note: 0/2 if integral not of form
by o2 2
CL(R (x)—r (x))dx

1 : answer

3 2 : integrand
" | 1: answer

Copyright © 2005 by College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents).
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AP® CALCULUS AB
2005 SCORING GUIDELINES

Question 1

Let f and g be the functions given by f(x) = —}‘:+ sin(7x) and g(x) = 47" Let

R be the shaded region in the first quadrant enclosed by the y-axis and the graphs
of fand g, and let S be the shaded region in the first quadrant enclosed by the
graphs of f and g, as shown in the figure above.

(a) Findthe area of R.
(b) Find the area of S.

(¢) Find the volume of the solid generated when §' is revolved about the hotizontal
line y = -1.

¥ = gixt

f(x) = g(x) when -j-r-+ Sil‘l(ﬂ'x).= 47,

f and g intersect when x = 0.178218 and when x = 1.
Let a = 0.178218. :

(@) j:(g(x) — £(x)) dx = 0.064 or 0.065 1: limits
3:4 1:Iintegrand
I : answer

1

® [ (f)-glx)de=0410 1 limits

3:4 1:integrand
1 : answer

1
@ #[((f(x)+1) -(g(x)+1)*) de = 4558 or 4.559 ;. {2 - integrand
a .
1: limits, constant, and answer

Copyright © 2005 by College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents). q’%
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Question 2

Let f and g be the functions given by f(x) = 2x(1—x) and ¥

g(x) =3(x -1)vx for 0 £ x <1. The graphs of # and g are shown in the 14
figure above. ‘ ¥ =f{x)

(a) Find the area of the shaded region enclosed by the graphs of f and g.

(b) Find the volume of the solid generated when the shaded region enclosed o :
by the graphs of / and g is revolved about the horizontal line y = 2.

(c) Let 7 be the function given by /s(x) = kx(1 — x) for 0 £ x < 1. For each Vandia

k > 0, the region (not shown) enclosed by the graphs of /4 and g is the
base of a solid with square cross sections perpendicular to the x-axis.
There is a value of & for which the volume of this solid is equal to 15.

Write, but do not solve, an equation involving an integral expression that
could be used to find the value of .

(@) Area = f;( F(x) - g(x)) dx 2 { i :::iil
= I;(Zx(l —x)=3(x—1)Vx)dx = 1133

G Volume = 7 [[((2- g(x))* - (2 - F()") s ey

= 7 [ (2= 3~ 1¥E) ~ (2~ 22(1 - 2))? ) v . I(\I—:tlezjg ertor

: : if integral not of form
= [10.17Y
¢ J:(RZ (x)- r2(x))‘dx
. 1 : answer

(c) Volume = j;(h(x) —g(0)? dx 3 {?;‘::iind

I;(icx(l —x)=3(x-1)Vx) & =15

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents).
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AP® CALCULUS AB
2004 SCORING GUIDELINES (Form B)

Question 1

Let R be the region enclosed by the graph of y = vx — 1, the vertical line x =10, and the x-axis.
(a) Find the area of R.

(b} Find the volume of the solid generated when R is revolved about the horizontal line y = 3.
(c) Find the volume of the solid generated when R is revolved about the vertical line x = 10.

80

i g
(a) Area = j Nx—-1dx =18 b+ Bmits
1 3:4 1:integrand
1 : answer
10 : limi
® Volume = 7 J- (9 3 (3 B m)z) B 1: ¥1m1ts and constant
1 3: 4 1:integrand
= 212.057 or212.058 1 : answer
3 ' 2 1 : limits and constant
¢) Volume = 7| (10— {»* +1)} &
©) jo( (y )) a 3: ¢ 1:integrand
= 407.150 1 : answer

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents).
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Question 1

3= and

Let R be the shaded region bounded by the graphs of y = Nz and y=¢

the vertical line £ = 1, as shown in the figure above. ‘

(a) Find the area of R. {

(b} Find the volume of the solid generated when R is revolved about the horizontal
line y == 1.

{¢) The region R is the base of a solid. For this solid, each cross section

perpendicular to the z-axis is a rectangle whose height is 5 times the length of its

[2]

base in region R. Find the volume of this solid.

L

Point of intersection 1: Correct limits in an integral in

e = Jz at (T, S) = (0.238734, 0.488604) (a), (b), or (c)

(a) Area = f;(\fm— — e )dz
= 0.442 or (.443

{ 1: integrand
2 .
1 : answer

1 -3¢ 12 2 [ 2 : integrand
(b) Volume = 7 1—e Y (1 -z ) )dz
J; (( ) ( ) ) < —1> reversal

= 0.453n or 1.423 or 1.424 .
< —1 > error with constant

: 3:
< —1 > omits 1 in one radius
< - 2> other errors
1 : answer
(¢) Length = Jz — e [ 2 : integrand
Height = 5(\/2_ - 6"3””) < —1 > incorrect but has
3: S —e e
1
Volume = f 5(Jg;_ — 38 )2 dr = 1.554 as a factor
r 1: answer

Copyright © 2003 by College Entrance Examination Board. All rights réserved.
Axvailable at apcentral.collegeboard.com.
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2003 SCORING GUIDELINES (Form B)

Question 1

Let f be the fonction given by f(z) = 4z° — z°, and let
£ be the line y = 18 — 3z, where £ is tangent to the
graph of £ Let R be the region bounded by the graph of
f and the zaxis, and let § be the region bounded by the
graph of f, the line £, and the s-axis, as shown above.
(a) Show that £ is tangent to the graph of y = f(z) at

the point r = 3.
(b) Find the area of 5.

{c) Find the volume of the solid generated when R is revolved about the z-axis.

(a) f(z)=8z—32%; f(8)=24-27T=-3 £ 1: finds f'(3) and f(3)
f(8)=36-27T=9 finds equation of tangent line
Tangent line at £ = 3 is 2: or
y=—3(x—3)+9 =35+ 18, 1: shows (3,9) is on both the
which is the equation of line £, | graph of f and line £

(b) fz)=0atzr=4 2 : integral for non-triangular region
The line intersects the zaxis at x = 6. 1 : limits

4 :
Aren = %(3)(9) _J; (49;2 —a:3)dm o4 1 : integrand
— 7.016 or 7.917 1 : area of triangular region
OR 1 : answer
4 2
Area = I: ((18 —3z) — (4_:1: — 3 ))d:r
F @08 -12)
= 7.916 or 7.917
4 9 T
_ 2_ .3 1 : limits and constant
(c) Volume = ’ITJ; (42 —5°) da

= 156.038 7 or 490.208 3:{ 1: integrand
1 : answer

Copyright © 2003 by College Entrance Examination Board. All rights reserved. -
Available at apcentral collegeboard.com.
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Question 1

Let f and g be the functions given by f{z) = ¢” and g{z) = In=.

(a) Find the area of the region enclosed by the graphs of f and g between z = % and z =1.

(b} Find the volume of the solid generated when the region enclosed by the graphs of f and g between
T = -;» and z =1 is revolvéd about the line ¥ = 4

(c) Let h be the function given by h{(z)} = f(z) — g(z). Find the absolute minimum value of h{zx) on the
'closed interval % < z <1, and find the absolute maximum value of h(z) on the closed interval

% < z < 1. Show the analysis that leads to your answers.

1 [ -
(a) Area= f (¢ —Inz)dz = 1.222 or 1.223 g | 1 integral
% 1 : answer

1 ' (1 limit d tant
(b) Volume = ’ﬁfy(("-l—lnm)z _(-4_8E)z)d$ 1nits and consian
2 2 : integrand

= 7.5157 or 23.609 < —1 > each error
4 Note: 0/2 if not of the form

kf R(z)* —r( )2)dm

1: answer
B : / _
(¢) R(z)= fl(z) ~ ¢'(z) = & _% =0 1: considers A'(z) =0
r = 0.567143 7 : 5 1: identifies critical point

and endpoints as candidates

PR Y
v CHLL¥ VY ClaY

-

Absolute minimum value and absofute

maximum value occur at the critical point or
at the endpoints. Note: Errors in computation come off

the third point.
£(0.567143) = 2.330

h(0.5) = 2.3418
h(l) = 2.718

The absolute minimuem is 2.330.

The absolute maximum is 2.718.

Copyright © 2002 by College Entrance Examination Board. All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board.
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AP® CALCULUS AB
2002 SCORING GUIDELINES (Form B)

Question 1
Let R be the region bounded by the y-axis and the graphs of ' y
3 _
= — and y = 4 — 2z, as shown in the figure above.
VRIS Y ‘ gore &

(a) Find the area of R.
(b) Find the volume of the solid generated when R is revolved

about the z-axis.

(¢} The region R is the base of a solid. For this solid, each cross X
o
section perpendicular to the z-axis is a square. Find the ~ \

volume of this solid.

Region R 1 : Correct limits in an integral in (a), (b},
5 or (c).
=42z at z=1.487664 = A
147
A 23 1 : integrand
a) Area = 4 —2x — dz
(a) j;’[ 1+$2] 2{1:3.nswer
== 3.214 or 3.215
(b) Volume
3 32 2 : integrand and constant
= o[ -sor [ 25 o
A A (_m)“14_$2 * 3 < —1 > each error
\ et
l 1 : answer

= 31.884 or 31.885 or 10.1497

[ 2 : integrand

Val .44 9 z? 2d
{c) oume—‘f;[ - I—H_mz] z < —1 > each error

= 8.997 g | note: 0/2 if not of the form
d
B[ (f(z) - o(a)) do

1 : answer

Copyright © 2002 by College Entrance Examination Board. All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board.
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Assocled  Miscellareouy Derivative] | Tolegeal — FRCL

Il

x V) (x| glx) | g'(x)
1 6 4 | 2 5

2 9 2 3 1

3 110 | -4 4 2

4 | -1 3 6 7

3. The functions f and g are differentiable fi
_ ! or all real numbers, and g is strictly increasing. Th.
gives values of the functions and their first derivatives at selected values of x?( The fulicl:ltgiém he :2 Zlizzx? %‘;e

h(x) = f(g(x)) - 6.
(a) Explain why there must be a value 7 for 1 < 7 < 3 such that h(r)=-5

(b) Explain why there must be a value ¢ for 1 <¢ < 3 such that R'(c) = -5.
(c} Let w be the function given by w(x) = lg(x) f(¢) dr. Find the value of w’(3).

(d) If g™ is the inverse function of g, writ . .
» Write an _
at x =2 8 equation for the line tangent to the graph of y = g7 (x)

X 15| =10 | -05} © 05 | 10 | 15
fix) -1 4 | -6 | =7 | -6 | 4 | 1
ff | -7 5| -3]0 3 5 7

2-k
6. Let f be a function that is differentiable for all real numbers. The table above gives the values of f and its
derivative f’ for selected points x in the closed interval —1.5 < x < 1.5. The second derivative of f has

the property that f”{x) > 0 for -1.5 € x £ 1.5.

: 1.5
(a) Evaluate JD (3f7(x) + 4) dx. Show the work that leads to your answer.

(b) Write an equation of the line tangent to the graph of f at the point where x = 1. Use this line to approximate
the value of £(1.2). Is this approximation greater than or less than the actual value of f (1.2) ? Give a reason

for your answer.
(¢) Find a positive real number r having the property that there must exist a value ¢ with0 < ¢ < 0.5
and f”(c) = r. Give a reason for your answer. '
2x2 =x—-7 forx<0

2% +x~7 forxz0.

The graph of g passes through each of the points (x, f (x)} given in the table above. Is it possible that
f and g are the same function? Give a reason for your answer.

(d) Let g be the function given by g(x) = {

265 985



%-% 3x
4. The functions f and g are given by f(x) = _[0 V4 +1° df and g(x) = flsinx).
(a) Find f'(x) and g’(x).
(b) Write an equation for the line tangent to the graph of y = g(x) at x = 7.

{c) Write, but do not evaluate, an integral expression that represents the maximum value of g on the interval
0 £ x < 7. Justify your answer.

-B .
96. Let f be a twice-differentiable function such that f(2) =5 and f(5) = 2. Let g be the function given by
g(x) = f(f(x)).

(a) Explain why there must be a value ¢ for 2 < ¢ < 5 such that fe)=-1.

(b) Show that g’(2) = g’(5). Use this result to explain why there must be a value % for 2 < ¥ < 5 such that
g"(k)=0.

(c) Show thatif f”(x) =0 forall x, then the graph of g does not have a point of inflection.
(d) Let A(x) = f(x) — x. Explain why there must be a value r for 2 < r < 5 such that 2(r) = 0.

6-A

6. The twice-differentiable function f is defined for all real numbers and satisfies the following conditions:
f(0)=2, f(0)= -4, and F7(0) =3,

(a) The function g is givenby g(x) = ¢® + f (x) for all real numbers, where a is a constant. Find g’(0) and
£”(0) in terms of a. Show the work that leads to your answers.

(b) “1he function % is given by A(x) = cos(kx) f(x) for all real numbers, where % is a constant. Find A’(x) and
write an equation for the line tangent (o the graphof k at x = (.

"% 86



Height (mieters)

68 7
3. The figure above is the graph of a function of x, which models the height of a skateboard ramp. The function

meets the following requirements.
(i) At x = 0, the value of the function is 0, and the slope of the graph of the function is 0.

(i) At x = 4, the value of the function is 1, and the slope of the graph of the function is 1.
(iii) Between x = 0 and x = 4, the function is increasing.

(a) Let f(x) = ax?, where a is a nonzero constant. Show that it is not possible to find a value for a so that f
meets requirement (ii} above.

2
(b) Let g(x) = ex’ — —1)-6-6—, where ¢ is a nonzero constant. Find the value of ¢ so that g meets requirement (ii)

above. Show the work that leads to your answer.
(¢) Using the function g and your value of ¢ from part (b), show that g does not meet requirement (iit) above.

n
(@) Let A(x) = X_ where k is a nonzero constant and 7 is a positive integer. Find the values of k& and # so

that 2 meets requirement (ii) above, Show that % also meets requirements (i) and (iii) above.

&
{V’4. The function £ is defined by f(x) = V25— 3% for -5< x < 5.
(a) Find f'(x).
(b) Write an equation for the line tangent to the graph of f at x = 3.

| . X _[f(x) for -5sx<-3
(c) Let g be the function defined by g{x) = {x 7 for—3<x <5,

Is g continuous at x = —3 ? Use the definition of continuity to explain your answer.

5
(d) Find the value of Io xV25 — x% dx.
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Question 3

x | fx) | f1(x) | &lx) | g(x)
1 6 4 2 5.

2 9 2 3 1

3 10 -4 4 2

4 -1 3 6 7

The functions f and g are differentiable for all real numbers, and g is strictiy increasing. The table
above gives values of the functions and their first derivatives at selected values of x. The function 4 is

givenby A(x) = f(g(x)) - 6.
(a) Explain why there must be a value r for 1 < r < 3 such that A(r) = -5.

(b) Explain why there must be a value ¢ for 1 < ¢ < 3 such that A'(c) = -5.

(c) Let w be the function given by w(x) = J'lg ® £(¢) dt. Find the value of w/(3).

(d) If g_1 is the inverse function of g, write an equation for the line tangent to the-graph of y = g’} (x)
at x =2,

@ A1)=r(g)-6=f(2)-6=9-6=3 o [1:H(1) and (3)
h3)=f(gB3)-6=f(4)—-6=-1-6=-7 " 1 1: conclusion, using TVT
Since %({3) < -5 < A(1) and 4 is continuous, by the
Intermediate Value Theorem, there exists a value 7,
1< r <3, suchthat A(r) = =5
M3 =M _ =7-3 - [ A3 =7l

= = - 1 P

(b) 3-1 3-1 3 2: { 3~1
Since 4 is continuous and differentiable, by the 1 : conclusion, using MVT
Mean Value Theorem, there exists a value ¢,
1< ¢ < 3, suchthat A'(c) = -5.

© w(B)=F(g3) gB)=r4)-2=-2 . { 1 : apply chain rule

. " | 1:answer
@ g(t)=2s0 g (2)=1. 1:27(2)
-1y 1 1 1 3 1y
2) = . (g @
A per i R e
1 : tangent line equation
An equation of the tangent line is y -1 = %(x -2).

© 2007 The Cellege Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for students and parents).
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AP® CALCULUS AB 2002 SCORING GUIDELINES

Question 6

L . —15 | —1.0 | 05 0 0.5 10 | 15
k f(z) —1 —4 | —6 7 F —6 | —4 | -1
(=) -7t -5 | -3 0 3 5 7

Let f be a function that is differentiable for all real numbers. The table above gives the values of f and its
derivative f' for selecied points  in the closed interval —1.5 < z < 1.5. The second derivative of f has the
property that f’(z) > 0 for —1.56 <z < 1.5.

L5 '
(a) Evaluate ‘]; (3f' {z)+ 4)dr. Show the work that leads to your answer.

(b) Write an equation of the line tangent to the graph of f at the point where x = 1. Use this lne to
approximate the value of f(1.2). Is this approximation greater than or less than the actval value of F(1.2)7
Give a reason for your answer. '

{¢) Find a positive real number r having the property that there must exist a value ¢ with 0 < ¢ < 0.5 and

F¥(c) = r. Give a reason for your answer.
26 — 57 forz <0

252+w—7 forz > 0.

(d) Let g be the function given by g¢{(z) = {

The graph of g passes through each of the points (m, _f(a:)) given in the table above. Is it possible that f and

g are the same function? Give a reason for your answer.

1: answer

L8 gt P 15 1: entiderivative
@ [Er@riE=3f"f@d+ [ 1d 2[
1.5
= 3f(s) + 4a:| =3(=1—(=7)) + 4(1.5) = 24
0 .
(b) y=5(z—-1)—4
fO.2) 2 5(0.2)— 4= -3
The approximation is less than f(1.2) because the

[ 1: tangent line
3 { 1: computes y on tangent line at = 1.2

. . 1: ith
graph of fis concave up on the interval answer with reason

lox<12
{c) By the Mean Value Theorem there is a ¢ with [ 1: reference to MVT for f' (or differentiability
0 < ¢ < 0.5 such that 9 | of ')
o) = £10.5) - £1(0) _8-0_ 6 =r 1: value of r for interval 0 < < 0.5
0.5—-0 0.5

. r T _ - _
(d) lim ¢'(z)= lim (4z-1) =1

lim g'(z)= lim (4z+1) = +1 1: answers “no” with reference to
PO PN ) ' or o
Thus ¢" is not continuous at z = 0, but f' is g org _
continuous at z= 0,50 f = g. 1: correct reason

OR

¢"(z) = 4 for all z = 0, but it was shown in part
(c) that f"(c) = 6 for some c== 0,80 f=g.

Copyright © 2002 by College Enirance Examination Board. All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board,
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(a) Find f'(x) and g'(x).

Question 4

_ AP® CALCULUS AB
2008 SCORING GUIDELINES (Form B)

3x
The functions f and g are given by f{(x) = -‘.0 V4 + 1% dr and g(x) = f(sin x).

(b) Write an equation for the line tangent to the graph of y = g(x) at x = 7.

(c) Write, but do not evaluate, an integral expression that represents the maximum value of g on the
interval 0 < x £ 7, Justify your answer.

@ F(x)=3/4+(Cx)7

g'(x)= f'(sinx)-cosx

=3y4 + (3sin x)2 - COS X

() g(r)=0, g'(7)=-6
Tangent line: y =—6(x — 7)

{208

2: g'(x)

5. {1  g(7) or g'(7)

1 : tangent line equation

() For0<x<7z, g(x)=0 onlyat x =2

g(0} = g(7) =0

3
g(£)= I Va+£ dt >0
2 i}
The maximum value of g on [0, 7] is

J';M +£ dr.

?.

1:sets g'(x)=0
z
2

1 : integral expression for g(%)

1 : justifies maximum at

© 2008 The College Board. All rights reserved.
Visit the College Board on the Web: www.collegeboard.com.
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AP® CALCULUS AB
2007 SCORING GUIDELINES (Form B)

Question 6

Let f be a twice-differentiable function such that £(2) = 5 and f(5) = 2. Let g be the function given by

g(x) = f(f(=).

(a) Explain why there must be a value ¢ for 2 < ¢ < 5 such that f'(¢} = —1.

(b) Show that g'(2) = g'(5). Use this result to explain why there must be a value % for 2 < k < 5 such that
g"(k) = 0.

(c) Show thatif f"(x} = 0 for all x, then the graph of g does not have a point of inflection.

(d) Let h(x) = f(x) - x. Explain why there must be a value » for 2 < r < 5 such that A(r) = 0.

(a) The Mean Value Theorem guarantees that there is a value { 1 F(5) - F(2)
2: '

¢, with 2 < ¢ < 5, s0 that 5-2
7(c) = f(SS) : 5(2) _ gzg - 1 : conclusion, using MVT
) &'(x)=/"(f(x)) f(x) 1:g'(x)
g'R)y=r1(2) /') =1£5)-f1(2) 3:01:8' Q)= 1'(5)- /'(2) = £'(5)
g'B)=rUG)-1'G)=f(2)- f'(5) 1: uses MVT with g’

Thus, g'(2) = g'(5).

‘Since [ is twice-differentiable, g’ is differentiable
everywhere, so the Mean Value Theorem applied to g’ on
[2, 5] guarantees there is a value k, with 2 < k < 5, such

that g"(k) = £0)-g@ _,

52
© g"(x) =S (FE) f(x) 1)+ f1(F(x)- () 5. { 1: considers g"
If £"(x)=10 forall x, then [ 1:g"(x)=0forall x

g'(x)=0-f'(x)- f'{(x)+ f'(f(x))-0 =0 forall x.

Thus, there is no x-value at which g“(x) changes sign, so

the graph of g has no inflection points. OR
OR ‘
If f"(x) =0 forall x, then 7 is linear, so g = f o f is . { 1: f is linear
linear and the graph of g has no inflection points. "1 1: g islinear
(d Let h(x) = f(x) - x. [ 1:A(2) and A(5)
h(2)= f(2)-2=5-2=3 " | 1: conclusion, using [VT

h(5)= f(5)-5=2-5=-3
Since 2(2) > 0 > k(5), the Intermediate Value Theorem

guarantees that there is a value », with 2 < » < 5, such
that i(r) = 0.

© 2007 The College Board. All rights reserved.
Visit apcentral. collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for students and parents).
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Question 6

The twice-differentiable function f is defined for all real numbers and satisfies the following conditions:

f(O) =2, fI(O) = 4, and f”(O) = 3.

(a) The function g is given by g(x) = ¢® + f(x) for all real numbers, where a is a constant, Find g’(0) and

g”(0) in terms of a. Show the work that leads to your answers.

(b) The function % is given by 4{x) = cos{kx) f(x) for all real numbers, where & is a constant. Find #’(x) and
write an equation for the line tangent to the graph of 4 at x = 0.

@) gx) =ae® + (%)
g0)=a-4

®)

g'(x) = a’e™ + f7(x)
g(0)=a*+3

1
1:
1
1

H{x) = f'(x)cos(kx) — ksin{kx) f(x) 2:
#(0) = £'(0)cos(0) — ksin(0) £(0) = £(0) = ~4 ;.

h(0) = cos(0) £(0) =2 ’
The equation of the tangent line is y = —4x + 2.

g(x)

£'(0)
g"(x)
g(0)

H{x)
1:7(0)
1:A(0)
1 : equation of tangent line

242
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AP® CALCULUS AB
2006 SCORING GUIDELINES (Form B)

Question 3
The figure above is the graph of a function of x, which models the height of a
skateboard ramp. The function meets the following requirements. =
() At x = 0, the value of the function is 0, and the slope of the graph of §
the function is 0. =
(ii) At x = 4, the value of the function is 1, and the slope of the graph of é"
the function is 1. ,
(ili) Between x = 0 and x = 4, the function is increasing. o x

(8) Let f(x) = ax*, where a is a nonzero constant. Show that it is not poss1ble to find a value for a sothat f
meets requirement (ii) above.

(b) Let g(x) = ex’ -
above. Show the work that leads to your answer.
{¢) Using the function g and your value of ¢ from part {b), show that g does not meet requirement (iii) above.

%, where ¢ is a nonzero constant, Find the value of ¢ so that g meets requirement (if)

H
(d) Let h(x) = fk—, where k is a nonzero constant and # is a positive integer. Find the values of & and # so that

h meets requirement (i) above. Show that % also meets requirements (i) and (iii) above.

~ 1 impl =L and £(8) = 20(4) = ca=Loraal
(@ f(4) =1 impliesthat g = T and f'(4) = 2a(4)=1 5 {].a g ra=3
implies that g = % Thus, f cannot satisfy (ii). 1+ shows a does not work

" (®) g(4) = 64c—1=1 implies that ¢ = 3% 1: value of ¢
When ¢ = 1, 2'(4) = 3¢(4)? - 2(;” (3 )(16)———
gy m oyt X L _ - o
: explanation
gix)<0for0<x< g-, so g does not satisfy (iii).
4?’! i . " [ 4H
(dy h(4)= + =1 implies that 4" = k. 1: - = 1
, L T L 4 n4™!
I —— I mr—— i — = = 4 MR ' -
H(4) 7 o 7} 1 gives n=4 and £ = 4" = 256. 1: e 1
1 : values for & and »
4 1 : verifications
h(x):%—6:>h(0)=0. '
(x)—256:>h(0)—0andh(x)>0for0<x<4

© 2006 The Coliege Board. All rights reserved.
Visit apcentral.collegeboard.com {for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents)
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|BG Topic - Polar Coordinatts

q& 19.  The area of the region inside the polar curve 7 = 4sin0 and outside the polar curve » =2 is gjven

e
| L e )
(A) —;—J.:(ttsine—'z)zde (B) 5“ (4sin6-2)%d0  (© E.[né (4sin 0-2)° 4o
' 4 3
e 1
6 (16ain2 L ™iganla
(D) EIE (165in 6—4)do ®) 2j0 (165in* 6 4)do
6
é 9. The area of the closed region bounded by the polar graph of r =+/3+cos8 is given by the integral
Q p :
éc
(A) j;“ V35 cosB do ®) [ 3rcos6do © 2 jo"/ * (3+ cos6) do
©) " (3+cosb)d ®  2[" rcoshae

Which of the following is equal to the area of the re

gion inside the polar curve » =2 cos @ and
outside the polar curve » = cos @ ?

) v T T
(A)3fo2coszed9 (B)3joncoszed9 (C)%jo%oszede (D)3j02oosede (E)3j0“cosede

Which of the following represents the graph of the polar curve r = 25ecf ?

294

(A) y (B) y L © y
)}
1 14 -’
. OW - 0’ 7 7] —x
(D) y (E) y
0, i ’2*“” -z, 1 0’ -x

A1



92}3 40. The area of the region enclosed by the polar curve r =1-cosB is

o
(A) Zn

5 2 B) = (©) %n D) 2= (E) 3n

T,
@€ 24. The area of the region enclosed by the polar curve r =sin (20) for 0<0<— is
8

(A) 0 ® 3 © 1 o Z ®

&8

;

38’ 23. Which of the following gives the arca of the region enclosed by the loop of the graph of the polar
8 curve » = 4c0s(30) shown in the figure above?
z kid \ kL2
(A) 16 [ cos(30)d® B) 86 cos(30)de (€ 83 cos’(30)d6
3 6 3.
x n
D) 16 [ cos’(36)d _ @ 8[° cos’(30)de
6 6

395



TOP%Q - Rogometric Equerdions

,/——_

1
; i =, y=—o" are
The asymptotes of the graph of the parametric equations ¥ =~ Y=1h

—-— =O
A) x=0 y=0 B) x =0 only (C) x=-1y

@) x=-1 only ® x=0,y=1

For what values of ¢ does the curve given by the parametric equations x = £~ -1 and
y=¢*+2t -8 have a vertical tangent?

(A) Oonly
(B) 1only

© 0 and§ only

D) 0, —g—,andl
(E) No value

The length of the path described by the parametric equations x = cos’t and y= sin®¢ , for

OStsg, is given by

T
(A) ,[02 \/30052t+3sin2ta’r

T
(B) JOZ \/ ~3cos’t sint +3sin’t cost dt

n
(C) _'-02 \/90054 t+9sint ¢ dt

n
(D) IO2 \9cos*s sin® £ +9sin’t cos® ¢ dt

T
(E) .[02 cos® t +sin® ¢ dr

. - 4 2
A curve in the plane is defined parametrically by the equations x = £atand y=1"+2t°,
An equation of the line tangent to the curve at =11is

(A) y=2x (B) y=8x (C) y=2x-1

(D) y=4x-5 () y=8x+13

6




% 21. The length of the path described by the parametric equations x = %aﬁ and y= lrz where
N ) 2 ,
% 0<t<1,is given by

&) [P +d
(B) Ié\/tz-l—tdt
© [ Neteiar
© L [rita

1¢1a fi2
(E) 6j0r 4% 19 dt

qg 2. Inthe xy-plane, the graph of the parametric equations x =5¢+2 and y =3¢, for —3<¢<3,isaline

BC segment with slope

@) % ®) % © 3 D) ® 13




B Tegis - Nectors

——

1 i - - L) - .
88' 3. For any time £ 2> 0, if the position of a particle in the xy-plane is given by x =72 +1 and

&c ¥ =In(2¢+3), then the acceleration vector s
(A) (Zt’(ZriE))J .(B) (2r 4 J C 4
+3*) © (2’(2”3)2}
) [2, 2 J -
(2t+3)" (E) (2’(2r+3)2J

?S 4. A particle moves in the xp-plane so that at any time ¢ its coordinates are x =72 —1 and y=rt-26.
B¢ At t=1, its acceleration vector is

(A) (0,-1) ®) (0,12) © (2,-2) M) (2,0) (E) (2.8)

?3 28. - If a particle moves in the xy-plane so that at time ¢ > 0 its position vector is (111(1‘2 +2t), 2t2) , then
B at time ¢ = 2, its velocity vector is '

3 3 1 1 5
o) mG) ©f) @B [

g{ 77...If f is a vector-valued function defined by [(#) = (e‘f,cost) ,then f"(f)=

(A) —e +sint (B) e '-cost (© (—e_t ,—sin t)

D) (e't,cosr) (E) (e_’,—cost)

20



e I BB S S Rt e v et o bt e gn

YTopics - Sequentes § Series

gg 13. sin(2x)=

®)  2x- (2;)3 + (2;‘!)5 s Gl)(”;(ic));“”_l R
© '(2;:)2*“%!)_4""'*@2(%(%1*“
(D) "2—21+’;—i+§+...+é%—!+...

® e N

3t st T (2n-1)

%5 14, ‘Which of the following series are convergent?

B¢
: 1 1 1 i 1
. +2—2+'3—2+...+n—2+...
’ IL. 1+l+l+...+l+...
2 3 n
n+l
1) S PR Gl S
3 32 3}1—1

(A) Tonly (B) Wonly (C) TandIllonly (D) IlandII only

(E) 1,1, and INI

244

© (x—1)" |
€S 31. What are all values of x for which the series ZL-?)— converges?
g(v : n=1

(A) -l<x<l (B) -1<x<l1 (C) 0<x<2 (D) 0sx<2

E)

0<x<?2

7 3o i(§)=

8c
3 (17 3[,_(1Y
j (A) 5—(5] (B) 2_1 (3”
201 n 2 -1_ n+l
D) g[g] (E) 3 3)

©

6




Qg’ 18. Which of the following series converge?

8c - .
\ L n L cos(nm)
i i’lgl n+2 ré 71
(A) None
(B) IIonly

(C) III only
(D) Iand]II only
(E) Iand Il only

o S L

n=

qx 14. What is the approximation of the value of sin 1 obtained by using the fifth- degree Taylor

polynomial about x=0 for sinx?
(A) 1-l+—

2 2

11
B) 1——+-—
®) 2 4
©) 1-——+-

D) 1-=+=

o
N ]
—

E 1—-—+—

1 1 3
24. The —( — =
q; expression 5 /50 +\' +\‘ =+

C:D

)'IU'I
Q

o

W is a Riemann sum approximation for
J

A4

) j;J;%dx

®) [ Vrds

1 71 | x
© &S
1 ¢l
D) Ejox/zdx

) 1 50
) .
(E) <5 o xdx

Y
d

%00



| 3.9 27 8] .
infini i —t—t—t—q.,. is
?? 14.  The sum of the infinite geometric series 5 + 16 " 128 T Lo2s
(A) 1.60 (B) 2.35 (Cy 240 (D) 245 (E) 250

? 17. Let f be the function given by f(x)=In (3—x). The third-degree Taylor polynomial for f about

& x=2 is

2
® a2l 62

e =2 (-2
B) —(x-2) o 3

(€ (x-2)+(x~2)% +(x-2)}

2 3
®) (22, O]

-2 =2 -2’

(E) 3 3

(x=2)"

% 20. What are all values of x for which the series Z

converges?
n=l B "
(A) -3<x<3
B) —3<x<3
(C) -1<x<5
D) -1<x<5
(E) -1<x<5
s . — —
?? 24. The Taylor series for sinx about x =0 is x—;a——ST—. ... If f is a function such that
BC f(x)= sin(xz), then the coefficient of x’ in the Taylor series for f(x) about x=0 is
w = ® 1 © o ® -- ® -+
7! 7 _ - 42 71




q? 25. The closed interval [a,b] is partitioned into » equal subintervals, each of width Ax, by the

: R
BL numbers xg, %y, ..., X, Where a=xy <Xy <X, <:- <X, <x,=>b.Whatis lim Z«/x,- Ax ?
R—>00
=1

o 3
®) b
o 354
D) bi-g?

® 2 (b%-a%)

?3 16: Which of the following series diverge?

Bc LS
=0 Y
® k
6
o
k= \7
x ¢ vk
I Z _(_..1.2.._
ik
(A) None B) I only (C) [lonly (DY Tand ITT (B TlandIII
43 27 Th . ki ()C _1)’1 .
. e interval of convergence of Z ~— is
B S
(A) —3<xZ<3 (B) -3<x<3 (C) 2<x<4
D) —2<x<4 C(EB) 0<x<2

Q331 If s, = G2 ) 5"
. prr G | to what number does the sequence {s,} converge?

) 1 5 53100
3 (B) 1 © 1 (D) (ZJ (E) The sequence does not converge.




19. If f(x1)+f(x2)=f

(3 +x;) for all real numbers x and x,, which of the following could

define f?
@) f@=x+1  ®) [W=2x (© f@=r. ©) [@=¢ ) (=¥
Ei. 10. For -1<x<1 iff(x)=§(;l§;ﬂ then f(x) =
@ il<—1)n+1x2n-2
(B) Z( 1y 522
© 2(-1)2%2"
D) Z}(—l)” X"
®) é(—l)’”lxz”
92 19. Which of the following series converge?
. > L il il m Y&
= T =" ],
(A) Tonly (B) Hionly  (C) landMonly (D) IandMonly (E) I ILand Il

&

3

305

n=0

oD
2.4

n=0

(a) 0 B o ©

76. For what integer £, &£ >1, will both Z( ) and Z

_1 }1:1

(A) 6 ® 5 © 4

27. If Z a,x” is a Taylor series that converges to f(x) for all real x, then f'(1)=

(D) i na,
. n=1

( J converge?

(D) 3

(E) i nan”_l

n=1

E) 2

#y,

¢



, _
22, If lim _d"x; is finite, then which of the following must be true?

TR

b—>w X
o 1

A) Z ~— converges
n=l n¥

G0

(B) Z —lp— diverges

© 2 pl_z converges

@™ > . converges

- 1 .
B i diverges

- (-1)"x" | :
£9 0. > ) is the Taylor series about zero for which of the following functions?

gC w0 7

(A) sinx (B) cosx (Cy &F D) e* E) In(l+x)

6@ 32. For what values of x does the series 1+2% +3% +4% +-..+n* + ... converge?

8C

(A) No values of x B) x<-1 ) x=2-1 (D) x>-1 (E) All values of x

[ 2 2 —~2-7
€S Trnisa positive integer, then lim —l-“—l—J +L2J +... +[3—H-J J can be expressed as
H

w n—w nf n n

11 1(1)? 30132
R e )
(D) I;xzdx (E) 3j03x2azx

55'42. The coefficient of x* in the Taylor series for &>* aboutx =0 is

%
} 1 1 1 3
(A)‘ 3 (B) 3 © 5 ™) 2 €2y

[V

204



e iz

gz 84. What are all values of x for which the series Z(_x\-;_i!_) converges?
7 n=1 h

(A) 3<x<-1 (B) -3sx<-1 (C) -3sx<-1 (D) -lsx<1 (B) —l<x<]

QCS 89. The graph of the function represented by the Maclaurin series

2 3 _\? L
@Cf 1—-x+fc———£—+...+-(L)x—+... intersects the graph ofy=x3 atx =
2! 31 n!
(Ay 0.773 (B) 0.865 (C) 0929 (D) 1.000  (E) 1.857

——

qg 43. The coefficient of x° in the Taylor series expansion about x =0 for f(x)=sin (xz) is

e

1 1 1

@) - B) 0 —
p (B) (©) 0 ™) E) 1
g 45. If f(x)_—,Z(sinzx)k, then 7(1) is
k=1
(A) 0.369 (B) 0.585 (C) 2.400 (D) 2426 (E) 3.426
9! '38. What are all values of x for which the series iff— converges?
&’ n=1 1
(A) ~1<x<1 B) -l<x<1 C) -1<x<1
D) -1<x<1 (E) Allreal x |
@41. tim l[\/z+\/§+,_.+\/5} o
H—0 ¥ n R 73 .
I pr 1
(A) = | —=dx !
| 2 -l-OJ; (B) jo‘/;dx ) (© J.OI xdx
! (D) L xdx ® QJIZx\/;dx




88 4;1. Which of the following series converge?

- 8c

& 1
' '_‘]. f’H'l .
L 2:( ) 2n+l

n=1
2 1(3Y
I1. —| =
- 533
o 1
II.
! ngznllnn
(A) Tonly
(B) Ilonly

(C) TiIonly
(D) 1and I only
(E) 1,11, and lII

£G 4.
18

qs 83.

o (x+1
The complete interval of convergence of the series Z( k2) is

k=
(A O<x<2 B) 0=<x52 (Cy -2<x=<0
(D) -2<x<0 (E) —2<x<0

o0 . _1\?
The Taylor series for Inx, centered at x=1,is (—1)”+1 Q—-—D—
n

n=1
the sum of the first three nonzero terms of this series. The maximum value of | Inx— f(x) | for
03<x<1.7 1s

. Let f be the function given by

(A) 0.030 (B) 0.039 (©)  0.145 (D) 0.153 (E) 0.529

Q? 76.  Which of the following scquences converge?

8c

I { Sn }
2n—11 .
n
1. {f-}
1
n
L. {-£
1+&"

(A) Tonly (B) IWonly (C) TandIIonly (D) TandIII only (E) LI,andIll

200
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f- 64 22 I /()= j" L__ ¢, which of the following is FALSE?
] &_ 0 212
A) F©=0
(BY f iscontinuous atx forall x20.
© fO>0
'. 1
i D ") = —
, | D) D 5
| (B fD>0
| o dy
8% 7. J 2+ = 8
- &
Y B) 2 © 1 Dy 2 (E) nonexistent
- B 3 3 T —
; ) 1 -
:é ég L (x—D)(x+2)
33 9
A) -2 = 8
(A) 20 (B) 30 © ln( > (D) In[gj (E) m[a
—% 26 Jrozxcaoxd,»_
B = ® © 1-2 D) 1 n_
2 (D) (E) > 1
€ 10 [ -
@C ] '[0 x 41
4- |
@ == ® h © 0 ) %lnz E) 4?

37



1 ——
gzzea j0(4-x2)2dx=
2-43 243-3 V3 V3 V3
(A) 5 B) 2 (&) T D) 3 (E) 5
g% s 2 2las
(A) 3 ® 1 Cy 2 O 3 (E) nonexistent

8% 31 [ Va-2?di=
&

@ 3 ® = © = ‘©) 2n ® 4n
@ 1. J-;\/;(xﬂ)dx:

8

‘ (A) 0 ® 1 © % ) % E) 2

gg 1. j:c’ %dx is

2 17 20
Ay 7° ®) 5L73J

2 2
(C) 9°+73

©  x )
g? 11. L mdx 15
C
1 1 1 1
(A) Y (B) 1 € 2 D) )
\ I x+l )
z%‘ 36. -[0 x2+2x——3dxls
@ -3 ®) —I“f © 1‘1;‘5 @) I3

36 0

3/ 2 2N _
(D) 5(93 +73J (E) nonexistent

(E) divergent

(E) divergent



‘ j_dx_:
gz (x—1}x+3)

1

x-1
A l
( ) n

x+3

+C

lln
4

x+3

(B) +C

x—1

© Sin|(x-1)(x+3)|+C

(D) —;‘-ln

2x+2
(x-—l)(x+3)

1n|(x-—1)(x+3)|+¢

+C

(E)

Q3 29. Ix sec’x dy =
ec

(A) xtanx+C

(D) xtanx—In|cosx|+C

@S 28. An antiderivative of f(x)=¢"" is
8C

(B)

E)

)
x
—tanx+C
2

xtan x+1In|cosx|+C

2

sec? x+2sec’ x tan x+C

(A) i (B) (1+ex)ex+ex © & (@) & ® ¢
l+¢&
% 16. Ixezxdx=
&9 2x 2x
2% 2x 2x  p2x 7 e
(A) xe2 —e—4—+c ® = - *C © —r¢
2% 7% 2 2x
@ E—+Tosc ® ——+C B
dx
2. [—= =
g{ | I(x—i)(x+2)
(A) %m J:;’Jrc (B) %m ’:2‘+c (C) %ln](x—l)(x+2)|+c
©® (i]x=1))(in]x+2)+C  @® In|x-DE+2)?|+C 30(?



N
oy
N
—_—
=
[L¥F]
|
o |-
>
+
[ ]
Il

TN Edd
7 2 x—
1 x—

(B) '2-111-——+C

L © ti|(x-2)(a-4)[+c

©) Shn|(s-a)(x+2)[+C

® |(x=2)(x-4)|+C

? 5 22.  An antiderivative for 2; is
x*—2x+2

(A) —(x2-2x+2)7
(B) In(x*-2x+2)

x=2
x+1

(C) In

(D) arcsec(x-1)
(E) arctan(x—1)

gq 42, 1If _[xzcosxdx=f(x)—_[2xsinxdx, then f(x)=

Bc

{A) 2sinx+2xcosx+C
B) x’sinx+C

(©) 2xcosx—x2sinx+C

(D) 4cosx—2xsinx+C

®) (Z—xz)cosx—4sinx+C

210 ‘ 310



% 15. J.xcosxdxz
Bc

(A) =xsinx-cosx+C
(B} xsinx+cosx+C
(C)y -xsinx+cosx+C

D) xsinx+C

(E) %xz sinx+C

Q’ 84. x% sin xdx=

BC (A) —x?cosx—2xsinx—2cosx+C
(B) —x? cosx+2xsinx—2cosx +C

(C) —x?cosx+2xsinx+2cosx+C

3
D) m?cosx+C

E) 2xcosx+C

% 23. The length of the curve determined by the equations x =% and y=tfromt=0tot=4 is

b (A) J-;\/4t+1 dt

4
B) 2.[0 21 dr

©  [Vort+1as
©) [ Va4l ar

(E) 211:_[:\/41‘2 +1dt

gg 33. The length of the curve y = x° fromx=0tox=2is given by

2 2
@) o1+ ®) J V1432 ax © 7 [ V1+9x* de

2
D) 211;[02 149x* dv ® [ V1+ox* v

. 3]




J.Hh\/xs +8dx

. 1 .
a 23, }111;‘% - is
(A 0 ®) 1 © 3 (D) 242 (E) nonexistent

x23x
?j 41. Let f(x)= _[_2 “eldr. At what value of x is f(x) a minimum?
&c

(4) Formovaleofx () % (©) % ®) 2 ® 3

@3 32 1 [ fG)dx=5 and [? gx)abx =1, which of the following must be true?
a .

8c
L f(x)>g(x) for ag<x<b

L [P+ e)ar=4
I, j: (f()g(x)dx =5

(A) Tonly (B) Monly  (C) Hlonly (D) I and I only (E) LII, and Il

}

‘B 35. If Fand f are differentiable functions such that F (x) = J.; fOdr l, and if F(a)=-2 and
& F(b)= -2 where a <b, which of the following must be true?

(A)  f(x)=0 forsome x such that g < x < b.

B) f(x)>0forall x such that a < x < b.
(C)  f(x)<0 forallx such that a < x < b.
(D) F(x)<0 forall x such that a < x < .

(E) F(x)=0 for some x such that a < x < 5.

?3 3. Ifpisapolynomial of degree n, n> 0, what is the degree of the polynomial Q(x) = jﬂx plH)ydt ?

Bc
) (A) 0 ®) 1 © n-1 @) n E) n+l

2(9 312



9y s2. -If S(x)=g(x)+7 for 3<x<5, then j; [f %)+ g(x)]dx =

(4 2[ g(d+7
(B) 2J35g(x)dx+14
5
(©) 2]3 g(x)dx+28
® [ g0)der7

(E) j: g(x)dx +14

@ o0 ®B) 1 (C g D) e (E) nonexistent
y
ol s 7; x

?5 27. If f is the continuous, strictly increasing function on the interval g < x <

OWing must be frue?
L[ sd< o) 6-a
1. j: f®ds> fla)Xb-a)
M. |7 7()ds= f(c)(b—a) for some number ¢ such that <c<b

KA) Tonly  (B) Honly (C) Mronly (D) IandTm only (E) 111, and III

f?
q ? 82. If 0<x<4,of the following, which is the greatest value of x such that j (t =26 dt= J- tdt’

&c (A) 135 (B) 1.38 (C)y 141 (D) 148 (E) 1.59

<.

ot



